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CHAPTER 1 INTRODUCTION

In the early 2000’s, C. Ausoni and J. Rognes pioneered the study of the arithmetic
of ring spectra by making the first computations of iterated algebraic K-theory. In [9]
and later [8], C. Ausoni and J. Rognes computed V(l)*K(K(UPq,,k)p) and V(1).K(K(C),)
and they showed that they are finitely generated free P(v,)-modules. Observe that since
ku, ~ K(C), and ¢, = K(UPq,,k),,, these spectra detect all the powers of v; and C. Ausoni
and J. Rognes showed V(l)*K(K(UIFq,,k)p) and V(1).K(K(C),) detect all the powers of v,.
This gives evidence for the red-shift conjecture that states, roughly, that applying algebraic
K-theory increases chromatic complexity by one.

The goal of this thesis is to continue the study of arithmetic of ring spectra in the case
of iterated algebraic K-theory of finite fields. Since due to J. F. Adams and D. Quillen,
the spectrum K(F,), detects the o family, one might hope that a Greek letter family one
chromatic height higher is detected in V(1).K(K(F,),). We will prove that, in fact this is
the case.

Theorem 1.1. The v,-periodic family generated by 3, in V(1). is detected in V(1).K(K(F,),)
where p > 5 and ¢ is a prime power that topologically generates Z;. Consequently, the
elements S, in the homotopy groups of spheres are detected in K(K(F,)).

To compute algebraic K-theory of a commutative ring spectrum R, we take the approach

of Bokstedt-Hsiang-Madsen [18] and approximate it using the highly non-trivial Bokstedt

trace map to topological Hochschild homology

K(R) — THH(R)
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where THH(R) = S' ® R is the colimit in commutative ring spectra weighted by the sim-
plicial circle [45]. Topological Hochschild homology is a linear approximation to the al-
gebraic K-theory functor in the sense of Goodwillie calculus. In Chapter 3, we describe
the results of joint work with Andrew Salch. we provide a tool for computing X, ® R for
general simplicial sets X,. In Chapter 4, we compute V(1).T HH(K(F,),) using this spectral
sequence and give initial results towards S/p. THH(K(F,),):

Theorem 1.2. Let p > 3 and let g be a prime power that topologically generates Z;. There

is an isomorphism

V().THH(K(F,),) = P(1) () ® F, {1, a1, A}, 1 da, Ay oy a1 ) A3,

and there is an isomorphism

S/p THH(K(E,)p; ) = P(v1) @ [ (D) ® Fyp{L, Yum, Y}/ ~

where the relations ~ and the elements y,,, are explicitly defined in Chapter 4.

The next step in the approach of Bokstedt-Hsiang-Madsen, colloquially referred to as
“trace methods," is to compute successive refinements of topological Hochschild homology
using the extra structure that it has. In particular, it has an §'-action by acting on the first

coordinate and it is cyclotomic, which provides maps

F
THH(R)C” —_ THH(R) '
R

referred to as the Frobenius and Restriction maps. The homotopy limit of these maps is a
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model for topological cyclic homology after p completion

TC(R), ~ (holimpx THH(R)" ),, .
As a consequence of work of B. Dundas [26], R. McCarthy [42], L. Hesselholt and 1. Mad-

sen [32], if R is connective and 7yR = Z,,, then there is an equivalence

K(R)p — TZOTC(R)p

where 7. is the connective cover functor. (For more details on trace methods see Chapter
2.)

The ultimate goal is therefore to compute V(1).TC(K(F,),), but this is beyond the scope
of the present thesis. Instead, we compute enough of V(1).T HH(R)"S ' to show that already
in this approximation to V(1).K(K(F,),) periodic classes of height 2 are visible. Specifically,

in Chapter 5, we show that the v,-periodic family generated by 3; in V(1). is detected in

V(). THH(K(E,),)".
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CHAPTER 2 K-THEORY AND CHROMATIC HOMOTOPY THEORY
This chapter provides the necessary definitions and framework for the thesis. It does
not contain new results and the experienced reader may skip it, except for the last section,

which contains conventions that will be used in the subsequent chapters.

2.1 Algebraic K-theory

There are many different models for algebraic K-theory of strictly associative ring spec-
tra. Since the goal of this thesis to to make computations and not to prove a structural
result about algebraic K-theory, we are not concerned with a specific model. We simply
provide one here for completeness.
Definition 2.1. A Waldhausen category ( is a category equipped with subcategories cofC
and w(¢ of cofibrations and weak equivalences satisfying some axioms described explicitly

in [57]. In particular, we have a notion of cofiber sequence

A — B — B/A

where A — B denotes an arrow in cof(.

Example 2.2. If 9 is a model category, then the subcategory M’/ of cofibrant objects in
M forms a Waldhausen category by forgetting structure.

Definition 2.3. Let ¢ be a small Waldhausen category, then form a simplicial Waldhausen

category S.C, whose n-th category S, C consists of objects

Ag— A —> - A,
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with choices of compatible quotients A;/A;;; where A; — A;;; is a morphism in cof¢ for
all i. The morphisms of S,C are commuting diagrams. The face maps d; in S.C are given
by omitting A; and replacing the map with a composite and the degeneracy maps s; are
given by inserting the identity in the i-th position. We then define the zero-th space of the
algebraic K-theory spectrum as

K(C)y := QwS.C|

and the Q-spectrum K(() is the sequence

QWS .cl,wS.cl,iwSPcl,wsPcl, ...}

where S ¢ is the n-th iterate of the S. construction S.(...(S.C)).

Example 2.4. If R is a commutative ring spectrum (or more generally a strictly associative
ring spectrum) let fcMody be the category of finite cell (left) R-modules and cellular maps.
We define

K(R) := K(fcMod")

In particular, due to Gillet-Waldhausen [58, Chpt. V. Thm. 2.2] and Elmendorf-Kriz-
Mandell-May [28, Thm. 4.3], we can identify K(HA) where A is a ring and H is the

Eilenberg-Maclane functor with Quillen’s definition of K(A).

2.2 Algebraic K-theory of finite fields and Waldhausen’s program
Let p be a prime such that p > 3 and let ¢ be a prime power that topologically generates

Zy, which denotes the units in the p-adic integers. Under these conditions, we claim that
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there are equivalences

jp = K(Fq)p = TZOLK(I)S

where 1., indicates the connective cover functor; hence, these spectra are all different
models for the same commutative ring spectrum. Due to Quillen [50], there is a fiber
sequence

K(F,), —= K(F,), ==K (F,)?

where R*? is the fiber of the map R — Hn,R for a connective ring spectrum R and F is the
map induced by the Frobenius map on Fq. Quillen [50] showed that this fiber sequence is

homotopy equivalent to the fiber sequence

a_1

Jp—ku, Al kuz?

p

of Adams where ku is connective complex K-theory and j, is the odd primary p-completion

of the image of J spectrum. There is also a map of fiber sequences

4

Jp ku, - ku,[2, c0)

L

LK(I)S —>KUp — KUP

which exhibits j,, and hence K(F,),, as the connective cover of Lg,S. The bottom fiber
sequence is due to Devinatz-Hopkins [23]. It follows because when ¢ topologically gen-
erates Z) = G, the fiber of ¢4 — 1 is a model for the homotopy fixed points KU,"', which

Devinatz-Hopkins [23] showed is weakly equivalent to LS.
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This means that our computations of approximations to K(K(F,),) are also approxima-
tions to K(t>0Lx1)S) = K((ts0Lg1)S),). This algebraic K-theory of the connective covers of

the E(n)-localizations of the sphere fit into a tower

K(S ) = ... K(ts0Le)S) = K(ts0Le1yS) — K(Z),

which McClure-Staffledt [44] proved “converges" in the sense that

K(S (p)) ~ hOlimK(TZQLE(n)S)).

Waldhausen first suggested studying this tower and it’s non-connective version

K(S(p)) - ... K(LE(Z)S) - K(LE(l)S) 4 K(Q)

as an approach to computing K(S ,)) [56]. Waldhausen’s idea was to study the localization

sequences

K({finite E(n)-acyclic 759Lg)S — modules}) — K(tsoLguS) — K(Lgw)S)

and

K({finite E(n)-acyclic Lg+1)S — modules}) = K(Lgu+1)S) = K(Lgw)S)

to build up the tower, but there are two problems with this: 1) For his localization se-

quences, Waldhausen assumed the telescope conjecture Lg, = Lé(n) where L/ is the

E(n)
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finite localization, which is now widely believed to be false for n > 1, and 2) the fibers
K({finite E,-acyclic 759Lg)S — modules}) are not known to be K(R) for some connective
ring spectrum R, so they are not approachable using trace methods. In spite of these short-
comings, we believe that Waldhausen’s program is interesting to study in its own right and

it may still shed light on algebraic K-theory of the sphere spectrum.

2.3 Chromatic height in stable homotopy theory

Recall that a finite spectrum (finite cell S-module) V is said to have type n if K(n).V # 0,
but K(n — 1),V = 0, where K(n), are cohomology theories, called Morava K-theory theo-
ries, with coefficients K(n). = F,[v:'] where |v,| = 2p" — 2. By the influential work of
Devinatz-Hopkins-Smith [24] and Hopkins-Smith [33] these Morava K-theories can be
used to detect a vast amount of information about the category ¥ of finite p-local spectra.
Theorem 2.5 (Devinatz-Hopkins-Smith [24], Hopkins-Smith [33]). We summarize three

major theorems of the authors:

e The thick subcategories of ¥ are classified by the filtration

Oc---cg,c...caCcG=¥%F

where ¢, is the full subcategory of K(n — 1), acyclic finite p-local spectra; i.e. every

thick subcategory of ¥ is of the form ¢, for some n.

e If V € (G, then V admits a periodic v,-self map

vﬁ DI Al VAN vl
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i.e. no composite

(Vk)ol’l . Z(Zp"—Z)an N 2(2p"—2)k(n—1)v e — V
n .

is null homotopic.

e Amap f: X‘W — W is nilpotent, some composite of it with itself is null-homotopic,

if and only if K(n)..f is nilpotent for all 0 < n < co.

Since the notion of chromatic height referred to as type is used for finite spectra, we
would like a notion of chromatic height that works well for spectra that are not finite spec-
tra, and following Baas-Dundas-Rognes, we use the thick subcategory theorem of Devinatz-
Hopkins-Smith to define this notion of height.

Definition 2.6 (Baas-Dundas-Rognes [11]). We say a spectrum X has telescopic complexity

n if the thick subcategory 7y of ¥, consisting of spectra V such that

VAX - v'VAX

induces an isomorphism in homotopy groups =; for k sufficiently large, is equal to ¢,.

2.4 Red-shift conjectures

Using the notion of telescopic complexity, we may describe two different versions of
the red-shift conjecture.
Conjecture 2.7 (Ausoni-Rognes [1]). Suppose R is a (suitably finite) K(n)-local spectrum
(for example Lk, S — R is a G-galois extension for some, possibly pro-finite, group G),

then K(R) has telescopic,complexity n + 1.
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10

We view this conjecture as an extension of the Lichtenbaum-Quillen conjecture to
higher chromatic heights. In particular, the Lichtenbaum-Quillen conjecture may be phrased

as the statement that for nice enough regular rings F with [—1) € F the map

S/p.K(F) = v{'S/p.K(F)

induces an isomorphism in sufficiently high degrees (see Waldhausen [56]).

The version of the red-shift conjecture above, however, only takes non-connective spec-
tra as input. Ausoni and Rognes were able to prove it in the case R = KU,, p complete
periodic complex K-theory, where Lg1,S — KU, is a G,-galois extension and G, is the
first Morava stabilizer group. They do this using the localization sequence of Blumberg-
Mandell [16]

V(1).K(Z,) — V(1).K(ku) — V(1).K(KU).

Since they showed that V(1).K(ku) is a finitely generated P(v,)-module, and the, now
proven, Lichtenbaum-Quillen conjecture implies that K.(Z,) has telescopic complexity 1,
they can show that K(KU) has the same telescopic complexity as K(ku). This is account
is a bit anachronistic since the Lichtenbaum-Quillen conjecture and the existence of such
a localizations sequence were proven after the computation of Ausoni-Rognes. This ap-
proach does not work as well in the case of K(K(F,),) =~ K(t>9Lk)S), since the localization
sequence associated to the map K(rs0Lk1)S) — K(Lk)S) is not known to have algebraic
K-theory of a connective spectrum as its fiber.

In the connective case, we may formulate the red-shift conjecture as follows.

www.manaraa.com
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m

Conjecture 2.8 (Barwick [12]). If R has telescopic complexity n, then m(R)) has
telescopic complexity n + m.

Barwick described this form of the conjecture for R = C in a talk at MSRI in 2014 and it
appears in [12]. The only cases where it is known for R = C are the cases where n = 0 and
m = 0,1, by work of Ausoni [8], since K(C), ~ ku,. The conjecture is known in the case
R =F,whenn =0, and m = 1 since K(F,), ~ j,, and the author is currently in studying the
possible validity of the conjecture for m = 2 as well.

We propose a third version of this conjecture, which is in the same spirit of the red-shift
conjecture.

Conjecture 2.9. If R detects a n-th Greek letter family, then V.K(R) detects a v, ,-periodic

(n+1)

. for some type n + 1 spectrum V.

family generated by the n + 1-st Greek letter element «
We will make this statement more precise in the next section. The reason we propose

this version of the conjecture is two-fold:

1. The calculations in this thesis suggest that, in our main case of interest, K(K(F,),)
actually does not have telescopic complexity 2, even though HF, certainly has tele-
scopic complexity 0 and K(F,), certainly has telescopic complexity 1. Unfortunately,

this remains speculation at this time.

2. The spectrum K(F,) detects the o-family, the first greek letter family, and the main
theorem of this thesis is that V(1).K(K(F,)) detects the v,-periodic family generated
by B, in V(1).. To the author’s knowledge, this is the first evidence for Conjecture 2.9

forn =1.
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2.5 Greek letter family elements

We will now discuss what is meant by the “n-th Greek letter family" and the “v,-periodic
family generated by the n-th Greek letter element a(l”)“ in the stable homotopy groups of
spheres. At primes p > 3, the first Greek letter family is the « family, which Adams studied
in [2]. To produce the « family, we note that at primes p > 3, the mod p Moore spectrum
S /p has a periodic v,-self map X?>’72S/p — S/p and by mapping into the bottom cell, then

composing this map with itself, and projecting onto the top cell, we may form «¢;; i.e. the

composite

)

Qg >Cp-2kg L) Z(ZP—Z)kS/p i S/p 3.

One may show that in fact this composite is not null-homotopic and therefore produces
a family of elements in the stable homotopy groups of spheres a; € n.S. We say a ring
spectrum R “detects the a family" if the classes a; have non-trivial image in x,R under the
unit map .S — m.R.

Now let p > 5, then the cofiber of v;, V(1), admits a v,-self map and we can construct

the B-family

01 00

By 1 TPVkg N yeri-akg U ver-dky ) 2o 2y S/p S0,

which was proven non-trivial by L. Smith [55]. By examining the long exact sequences in

homotopy produced by the cofiber sequences

S,—2=S,—~S/p
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and

3228 | p e S/ p— V(1)

we see that 8, € my2,, ,S maps non-trivially to 0 # iyi131 € my25,2V(1). The class
also maps non-trivially under the map 75,25, ,S — 7m2_5,-2Lk1)V(1) to the class called
—g1 (See [48, Lem. 5.4] and [51]). Since v, € x. V(1) maps to v, € Lk V(1) and in
T2 —2p-2LxkyV(1) the class —g; is v,-periodic, the classes 8v4 are non-trivial elements in
V(1).. These are the classes that we refer to as a “v,-periodic family generated by ;."

One may want to know how the “v,-periodic family generated by 3," relates to the -
family itself. Due to Ravenel [51], we may define the Greek letter elements in the Adams-

Novikov spectral sequence aﬁ") € E5" algebraically to be the elements 6,6, . .. 5o(v},) where

Om : Extpp,gp(BP,, BP.[(p,...vn)) — Extgp gp(BP.,BP./(p, ... V1)

One can show, by computing 6y6,v5 that j, is represented by

t
(2)v’2_2k0 + tv’z_lbl’o mod (p,v;)

in the Adams-Novikov spectral sequence where

and

1 2
k=201 @85 -260 @1, —1," ®1.
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Notice that when ¢ = 1 mod (p) then (;) = (1)("1) .

))-(5) = 0where t = 1+ kip+...k,p"

0
by Lucas’s theorem and therefore g, is represented by v5'b; o modulo p. Hence, when

we detect the v,-periodic family generated by B;, we are detecting the spherical elements

B; € n.S for t = 1 mod (p). The remaining classes project onto the top cell

V(1) - n2*S

to the classes 3,8 where k # 0 mod (p).

2.6 Trace methods

The goal of this thesis is to give a close enough approximation of K(KF,),) to detect
periodic information of higher chromatic height. The approach we take was initiated by
Bokstedt-Hsiang-Madsen [18] in the early 1990’s. At that time, it was known that algebraic

K-theory of rings was equipped with a non-trivial trace map

Ki(R) —» HHi(R)

where HH(R) = m[Barg (R)| or equivalently the homology of the alternating sign chain

complex of the simplicial ring Barg ‘(R) by the Dold-Kan correspondence. The map is

defined as a composite where the last map is the map induced by the trace map

HH(M,(R)) — HH\(R)
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which is an isomorphism since HH, is Morita invariant. Bokstedt first constructed a version
of this for ring spectra using functors with smash product (FSP’s) to model spectra, since
at the time there was not a good symmetric monoidal model category for spectra. There
are now several models for symmetric monoidal model categories for spectra including
S-modules [28], symmetric spectra [34], orthogonal spectra [39], and I'-spaces [38] and
these model categories have been unified in the sense that there are Quillen equivalences
between all of them [40]. We can therefore define, for a strictly associative ring spectrum
R

THH(R) = mBar™(R)|

When R is a commutative ring spectrum (a commutative monoid in a symmetric monoidal

model category for spectra), we can describe this construction as a simplicial tensoring

THH(R) = m(S' ® R)

due to McClure-Schwanzl-Vogt [43] and this will be our approach in Chapter 3. From this
description, it is clear S! acts on S' ® R by acting on the first coordinate and hence C also
acts on S '®R for any finite subgroup C c S'. Using Bokstedt’s model or the norm model for
THH [5], we can also construct THH(R) as a genuine C-equivariant spectrum for any finite
subgroup C of S'. The spectrum 7HH(R) also has the structure of a cyclotomic spectrum,

which means that there are compatible maps of S !-spectra

Pt®(THH(R)) — THH(R)
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for each finite subgroup C c S!, where ¢“(THH(R)) has an S !-action by pulling back along
the isomorphism pc : S! — S!/C. Together these properties allow us to construct the
isotropy separation diagram, which is sometimes called the Norm-Restriction diagram for
THH,

THHR)c,, — THHR)"”" —~THHR)""'

|

THH(R)c,, — THH(R)"“" —— THH(R)"“""
A key feature of this diagram is that the homotopy fixed points, homotopy orbits, and Tate
fixed points can be computed using spectral sequences, so by computing 7THH(R) you can,
potentially, compute THH(R)‘»" inductively.
Now if we write F : THH(R)" — THH(R)»"' for the inclusion of fixed points, then
we can define

TF(R) = holimy THH(R)*""

and

TR(R) = holimg THH(R)"".

we then define (p-typical) topological cyclic homology as
TC(R; p) = fib{ TR(R) =5 TR(R) }

or equivalently

TC(R; p) = fib{ TF(R) =% TF(R). }

We can also define an integral version of topological cyclic homology TC and after p-
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completion there is an equivalence
TC(R), — TC(R; p),.
Bokstedt constructed a highly non-trivial trace map
K(R) — THH(R)

for strictly associative ring spectra and when R = HA for a ring A, the Dennis trace map
factors through Bokstedt’s trace map. Bokstedt’s trace map, in turn, factors through topo-
logical cyclic homology

Ki(R) ——TC(R)

Ny

THH,(R).
The benefit of the cyclic refinement of the trace map is that topological cyclic homology is
a close approximation to algebraic K-theory.
Theorem 2.10 (Dundas-Goodwillie-McCarthy [27] ). Let f : R — S be a map of connective
strictly associative ring spectra such that f : moR — m,S is surjective with nilpotent kernel,
then the diagram

K(R)——K(S)

|

TC(R)——=TC(S)
is a homotopy pullback diagram.

Corollary 2.11. If Z, surjects onto myR and R is a connective strictly associative ring spec-
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trum, then

K(R), = 150TC(R),

This corollary depends on the Theorem 2.10 as well as computations of Hesselholt-
Madsen [32].
We will need to use the multiplicativity of the cyclotomic trace map proven by Dundas.

Theorem 2.12 (Dundas [25]). The cyclotomic trace map

K(R) —» TC(R)

is a weak map of commutative ring spectra; i.e. it is a zigzag of commutative ring spectrum
maps where each wrong way map is a weak equivalence of commutative ring spectra.
The approach we will take in this thesis is to compute the linear approximation to it-
erated algebraic K-theory of finite fields, topological Hochschild homology, and then com-
pute enough of the homotopy fixed points of topological Hochschild homology to detect

periodic information of higher chromatic height.

2.7 Organization

This thesis is organized into three main chapters of original research. Chapter 3 consists
of the construction of a May-type spectral sequence in higher order topological Hochschild
homology associated to filtered commutative ring spectrum. This chapter is based on
joint work with Andrew Salch, and therefore some of the theorems are included without
proof and the reader should read [3] for a thorough account. The goal is to highlight

aspects of the joint project that were primarily the author’s contribution as well as set up
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all the necessary machinery needed for Chapter 4. In Chapter 4, we compute mod (p, v;)-
homotopy of topological Hochschild homology of K(F,), where p > 3 and ¢ is a topological
generator of Z7. We also give initial calculations towards mod p homotopy of topological
Hochschild homology of K(F,),. In Chapter 5, we prove the main theorem that the g-
elements S, are detected in iterated algebraic K-theory of finite fields, giving evidence

for red-shift phenomena.

2.8 Conventions

Throughout, we will work in the category of symmetric spectra of simplicial sets with
the positive flat stable model structure, which we denote &. This particular model structure
for spectra is chosen because the main theorem of the author’s joint paper with Andrew

Salch [4] then applies; i.e given a map of simplicial spectra X, — Y, where
1. the spectra X, and Y, are positive flat cofibrant for all n,
2. each degeneracy map s; : X, = X,.; and s/ : ¥, = Y, is a levelwise cofibration, and
3. the map X,, — Y, is a flat cofibration for each n

then the induced map on realizations |X,| — |Y,| is a cofibration. The category S is also
a combinatorial, cofibrantly generated, symmetric monoidal model category satisfying the
Shipley-Schwede monoid axiom by [54] and it satisfies the strong commutative monoid
axiom of White as he proved in [59].

We will write Comm ( for the category of commutative monoids in a symmetric monoidal
category ¢ and we will write s¢ for the category of simplicial objects in ¢, in other words,

functors A® — (.
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We will write (-), for the p-completion of a spectrum or a group. We will write P(x),
E(x), Pn(x) and I'(x) for the polynomial algebra, exterior algebra, truncated polynomial,
and divided power algebra on the generator x. Here P,(x) = P(x)/x". Recall that I'(x) has
generators y;(x) for i > 1 satisfying i!j!y;(x)y;(x) = (i + j)!yi+;(x). In particular, when I'(x) is

an algebra over a field of characteristic p, there is an isomorphism

[(x) = Pp(x,7p(x), ¥p2(x),...)

of F,-algebras. We will write = to indicate that the equality holds up to multiplication by a
unitin F,.

We will write ¢ for K(U;»o Fi)p, we will write j for K(F,),, and ku for K(Fq)p where
p > 3 and g is a topological generator of Z;. We will tacitly assume that ¢, j and ku are
cofibrant since we could cofibrantly replace them in Comm @ if they were not already. For
chapter 5 we will assume p > 5 so that the finite spectrum V(1) = cof{Z?>’72S/p — S /p} has

a v,-self map.
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CHAPTER 3 A MAY-TYPE SPECTRAL SEQUENCE FOR HIGHER THH

The purpose of this chapter is to describe the construction of a spectral sequence in
“higher order" topological Hochschild homology with coefficients associated to a decreas-
ingly filtered commutative monoid in & with filtered coefficients. The full details of the

construction can be found in the author’s joint paper with Andrew Salch [3].

3.1 Decreasingly filtered commutative monoids in symmetric spectra
We give a definition of decreasingly filtered commutative monoids in & using categori-
cal machinery that has the advantage of being clean and concise.
Definition 3.1. A decreasingly indexed object in S is a functor I : N° — G.
We write G for the category of such functors and, by convention, we write I, for
evaluation of a functor 7 in G on an object in N,
Definition 3.2. We define the projective model structure on G, by defining the fibrations
to be those natural transformations f : I — J such that f(n) : I, — J, is a fibration for
each n € N. The weak equivalences are the natural transformations g : I — J such that
g(n) : I, — J,is aweak equivalence for each n. The cofibrations are natural transformations
that have the left lifting property with respect to trivial fibrations.
Remark 3.3. The category N°° has the usual Reedy category structure as a partially ordered
set. In particular, this gives N° the structure of a direct category. The opposite Reedy
structure makes N° an indirect category and the projective model structure on the functor
category G is the same as the Reedy model structure when N° has the opposite Reedy
model structure. The upshot of this description is that we may describe cofibrations in the

projective model structure explicitly. The cofibrations in the projective model structure are
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those natural transformations I — J such that for each i the map

Ii+1 U Ji+1 - Ji
I;

is a cofibration.

Note that in order for this model structure to exist we need the category & to be cofi-
brantly generated, but this is the case due to Theorem 4.11 [53]. From now on the model
structure on G will be understood to be the projective model structure specified above.
Definition 3.4. A decreasingly filtered object in S is a cofibrant object in G in the projec-
tive model structure.

Remark 3.5. Note that this is the same data as a decreasingly indexed object in & with
the property that each map f; : I - I,_, is a cofibration and each object is cofibrant.

The category & has a symmetric monoidal product, denoted ®p,y, called the Day
convolution after B. Day who first constructed it in his thesis [22]. For this construction
we enrich N°? in G by defining

Sifn>m
N®(n,m) =

0 otherwise

where S is a cofibrant replacement for the unit of the symmetric monoidal product in .
Definition 3.6 (Day convolution). The Day convolution symmetric monoidal product in G'™"

of I and J is the coend

(a,b)ENPXNOP
(1®Day J)n = f NOp(a+b,n)/\Ia/\Jb.
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By definition, this coend is the left Kan extension in the diagram

NOP % NoP ’@;J: S

7
+ 7
_ < I®Da_‘~f

IN©P ,

which, in turn, is the colimit

colim I, A I,
a+beN°P /n

where N°P/n is the over category consisting of objects in y € N°? equipped withamap y — n
and morphisms are commuting triangles.

Example 3.7. This construction can be visualized as follows. Consider the lattice,

..élz/\.lzﬁ'll /\Jgﬁ'lo/\.lg

|

...élz/\.]]ﬁ'l]/\.llﬁ'lo/\.ll

o.——DLANJyg—=1 AN Jy

The colimit of this diagram is (I ®pay J);. To produce (I ®p,y J),, We truncate the lattice
further and take a colimit.

Theorem 3.8 (Day). The category S forms a closed symmetric monoidal category. The
category of commutative monoid objects in G"" is equivalent to the category of lax sym-

metric monoidal functors in N°° — &.

Proof. This theorem is Example 3.2.2 in Day’s thesis [22] and it follows form his work on
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promonoidal categories. This was also recently proven in the setting of quasi-categories by

Glasman [31]. |

Definition 3.9. Recall that a lax symmetric monoidal functor between symmetric monoidal

categories (C,®., 1) and (D, ®,, 1,) is a functor

I:C—>D

together with natural transformations

n: ]l@ — I(]lc) and

p (=) ®p (=) = I(=®c -)

satisfying the usual commutativity, associativity, and unitality axioms.
Definition 3.10. A decreasingly indexed commutative monoid in S is a lax symmetric monoidal
functor

I:(N® +,0) — (G, A,S)

or equivalently, due to Theorem 3.8, an object in Comm G

In order to have a good model structure on Comm S we need Comm G'"" to satisfy a
strong version of the commutative monoid axiom. Following White [59], a model category
C satisfies the strong commutative monoid axiom if whenever 2 : X — Y is a (trivial)
cofibration then A""/%, is a (trivial) cofibration. The notation A™ indicates that we are

taking the pushout product of 4 with itself n times, for exampleif f: A > Bandg: X - 7Y,
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the pushout product of the two maps in ( is the map

ﬂy:A@YLJB@YaB@Y

AxX

where ® is a the symmetric monoidal product in C.
Lemma 3.11. The category " with the projective model structure satisfies the strong

commutative monoid axiom.

Proof. By White [59, Lem. A.1], it suffices to check the strong commutative monoid axiom
on the generating cofibrations. The generating cofibrations in the projective model struc-
ture were determined in [14] and they are the natural transformations f : I — J of the
form 7 ® N°? where 7 is the set of generating cofibrations of S. This notation means that a
map f : I — J is a cofibration if f = g A N°P(i, —) for some g € 7. Since

Sifj<i

Nop(i9 _) =
0ifj > i

this is equivalent to saying that [y —» Jyisamapin j, I, = I, fori < jand I, = 0 for i > j,

and J; = Jofori < jand J; =0 fori > j. Let h : I — J be an (acyclic) map in 7 @ N°P,

NOP

then we need to prove that 47" /X, is an (acyclic) cofibration in " in the projective model

structure. In the case n = 2, we need to show that the map

W2 /% (U @pay I | | T @pay /Z2 > (J @pay 1)/Zs

I®Dayl

is an (acyclic) cofibration in the projective model structure. We therefore need to know if
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the map

((1 @y J | | J ®a Da/Zs [] (J @pay J)n+1/22} = (J ®pay N/

1®Day1 (1®Day«l LI]@DM,I J®Duy[)n+l /22

is a cofibration in &. Note that for X, Y € {1, J}, (X ®pay Y), = Xo AYpisn < 2iand 0 if n > 2i,

so the map is the same as the map

[(10 A Jo U Jo A1) /%, U (Jo ®pay Jo)/zz] = (Jo ®pay J0) /22 — (Jo A Jo) /22
Iondo (o®payJo Ligep,, 1y Jo®paylo/Za

3.1)

or in other words the identity map
(Jo ®pay J0)/Zo = (Jo A Jo) /%o
when n < 2, it is the map

(Io A Jo U Jo A 1p)[Zs — (Jo ®pay J0) /22 (3.2)

IonIy

when n = 2i and it is the map 0 — 0 when n > 2i. Since the map 3.1 is the identity it
is an (acyclic) cofibration in &. Since the map I, — J, is an (acyclic) cofibration in G by
assumption and & satisfies the strong commutative monoid axiom in S, the map 3.2 is also
an (acyclic) cofibration in . Hence, the map h"%/%, is an (acyclic) cofibration as desired.

The same type of argument works for i > 2 and it is therefore left to the reader. m|

Definition 3.12. The category Comm G is equipped with the model structure created

by the forgetful functor U : Comm G — &'"; i.e., fibrations in Comm & are natural
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transformations f : I — J such that U(f) is a projective fibration and weak equivalences
are natural transformations g : I — J such that U(g) is a weak equivalence in G". This
model structure exists by Lemma 3.11 and White [59, Thm. 3.2]. We will call this model
structure “the model structure inherited from the projective model structure on " ."

Lemma 3.13. Let Comm & be equipped with the model structure inherited from the pro-
jective model structure on G, then cofibrations & between cofibrant objects in Comm G'"

forget to cofibrations U(h) in G
Proof. This follows by White [59, Prop. 3.5] and Lemma 3.11. m]

Definition 3.14. A decreasingly filtered commutative monoid in © is a cofibrant object in
Comm G with the model structure inherited from the projective model structure on G
This definition also allows us to define a decreasingly filtered /-module in a simple way.
Definition 3.15. A decreasingly filtered symmetric I-bimodule, M, is a cofibrant object M
in G that has the structure of a symmetric /-bimodule, where I is a cofibrant object in
Comm &,
Definition 3.16. Let J be a decreasingly indexed object in S. We say J is Hausdorff if
holim, J, ~ 0. We say that J is finite if there exists a non-negative integer n such that
S 2 Iw — Jn_1 is @ weak equivalence whenever m > n.
The following appears as Definition 3.16 in the author’s joint paper with Andrew Salch
[3].
Definition 3.17 (The associated graded commutative monoid). Let I be a decreasingly

filtered commutative monoid in S. We will write E,I for the associated graded commutative

monoid of I, which we define as follows:
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e As an object of G,

EbIEI_IQ/Q+L

neN

e As an object in Comm G we need to specify the unit map and multiplication map as

well as show that it satisfies the axioms of a commutative monoid in S.

— The unit map S — Ey/ is the composite
S L5 Iy — I/, = E,l.

— The multiplication on E,I is given as follows. Since the smash product com-
mutes with colimits, hence with coproducts, to specify a map ug,; : Eol A Egl —

Eol. it suffices to specify a component map
Vit L/l N[ — Eol

for every i,j € N. We define such a map V,; as follows: first, we have the

commutative square

Pi+l,j
Ly AN —— 1141
lfiﬂ/\idlj jﬁ-f—jﬂ

Pij
I,' A Ij—j>1i+j

so, using the assumption that the maps f; are cofibrations, we take vertical
cofibers to get a map

61‘,;‘ iy AN Ly T .
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Now we have the commutative diagram

Pi+1,j+1
Ligy ANy Iiyjs2
iy, Afjs m
. Pi+l,j
fsrnidy iy A I
fi+j+2
Pi,j+1
Il' A Ij+1 I,'+j+1 Sivjr1
Pi,j
Ii A I] Ii+j
Vij+1
Li/ 1y ANy Livji1/1isji2
0
iy 14y Afjed v
L]
Li/ 1 N1 Livj/1isjia

in which the columns are cofiber sequences. So we have a choice of factorization
of the composite map V;, ; o (id,i i A fj+1) through the zero object. So we have

the commutative square

i/l ANjpy ———0

jidli/lm Afj l
V,-,j
Li/ Ty ANj—— 1 /1 1

and, taking vertical cofibers, a map
i/ iy N[y — L/ L,

which we compose with the inclusion map 1,,;/I;++1 — Eol to produce our
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desired map V,; : I;/I;.1 A I;/1;1 — Eol. We then define a map
ME,I - E()I A E()I i E()I

using the universal property of the infinite wedge and the fact that the smash

product distributes over the wedge.

3.2 The Loday construction

Let D be a closed symmetric monoidal model category. Let fSet, denote the category
of finite pointed sets. We will write *g for the basepoint of a finite pointed set S and let
Set, denote the category of pointed sets.
Definition 3.18 (Loday construction with coefficients). Given a commutative monoid R in

D and a symmetric R-bimodule, define a functor
- Q®(R,M) : fSet, — Modg

in the following way:

e define the functor on objects by

S ®(R,M) = Mixs} A [\ Ris),

sES —{xg}

e define the functor on maps, by sending the map f : § — T to the map

FORM): MixshA [\ Ris) > Misrhn N\ Rin

s€S —{xg} teT—{*r}
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defined by the composite

M{xg} A A Ris) = M{xs)} A A R{s}/\/\ /\ R{s}—>M{>x<T}/\/\R{t}

SES —{xg} {sef~1(xr)} t€T (sef-1()lteT—{*1}} teT

where the left map simply rearranges factors, and the right map is a smash product

of two maps:

- the map

Missy A [\ Ris) > M{xr),
sef1(+r)

given by the iterates of the module map, and

— the map

A A R{s} — A R{t)

€T (sef-1(n)leT—{+1})} =

given by the iterating the multiplication map of R.

Note that the empty smash product is understood to be the unit of the symmetric monoidal
product and a map from an empty smash product to R is given by the unit map of the
commutative monoid R.

This extends to a functor
—Q(R,M) : sfSet, - Modg

using functoriality of — ® (R, M) to define the face and degeneracy maps and then taking

geometric realization of the resulting simplicial R-module.
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Remark 3.19. This construction can again be extended to a functor

-® (R, M) : sSet, — sModg

by letting — ® (R, M)(X,)) = colimycx, Y ® (R, M) where Y ranges over all finite based subsets
of X,,.

Remark 3.20. We use the notation — ® (—; —) because of the relation to the tensoring of a
simplicial set with a commutative ring spectrum. Recall, that McClure-Schwanzl-Vogt [43]
proved that the category of commutative ring spectra have all weighted limits and colimits
in simplicial sets and therefore, in particular, it is tensored and cotensored over simplicial

sets. If we let R = M and work in the category S, for example, then there is a commutative

diagram
sSet, SR Comm &
lU lid
sS et R . Comm &

where the bottom functor is the weighted colimit in Comm & that defines the tensoring of
a simplicial set with a commutative ring spectrum.

Remark 3.21. We will write X.®(R; M) for the simplicial R-module whose realization is
X. ® (R; M) and we will write X, ® R for the simplicial commutative monoid in © when
R = M and X, is unbased.

Example 3.22. In the case where X, = S! := A[1]/6A[1], the minimal simplicial model for
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the circle, S! ® R is the geometric realization of the simplicial object in &

Sl@R::{R—>‘—R/\R<——>RARAR—>‘—...} (3.3)

with face and degeneracy maps given by the following formulas: the face maps are

idg A...idg A Aidg A... Aidg  ifi<n

(ﬂAidRA...AidR)Oln ifi:n

where the multiplication map u : R A R — R is in the i-th position on the first line and
t, : R™ — R™ is the map that cyclicly permutes the factors to the right. The degeneracy
maps are

Si:idR/\.../\idR/\n/\idR/\.../\idR

where the unit map n : § — R from the sphere spectrum is in the i-th position.

Remark 3.23. The simplicial tensoring S '®R is the primary model for T HH(R) that we will
work with even though it is not genuine S !-equivariant. Since there is a model of THH,
due to Bokstedt and developed by Hesselholt and Madsen which is genuine C-equivariant
for all finite subgroups C of S!, then we will tacitly use one of the genuine models for
equivarant constructions. This will not cause an issue since the method of attack used
here is by homotopy fixed point spectral sequences and the homotopy groups of each
model for THH are the same. There is also a more recent model for THH as the norm
NS'(R) = LY.(S' ® R) which is a genuine §'-equivariant orthogonal spectrum [5]. In future
joint work with C. Malkiewich, the author plans to construct a equivariant version of the

THH-May spectral sequence using this construction, but that is beyond the scope of the
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present thesis.

3.3 The May filtration and the THH-May spectral sequence
Definition 3.24 (The May filtration). Let S be a finite pointed set. We can equip the set of

functions x : S — N, denoted N*, with the L, norm | — | so that for x € N’

X[ = Zses x(5).

We then define a sub-poset of N5 by

D = {x € N¥; x| > n}.

Let I be a decreasingly filtered commutative monoid in © and let M be a cofibrant sym-

metric I-bimodule. Define a functor

FIM) : (NW)P — &

on objects by 5 (I; M)(x) = M) /\ses—i=) Ixs) for x € N® and on morphisms in the apparent

way. We can precompose this functor with the inclusion functor to produce a functor

FSUM) : (D5 — S g,

We then define the May filtration associated to the finite pointed set S to be the collection
of objects

M5 (I; M) := colim %> (I; M)
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M (I; M) — M (I; M)

given by precomposing with the inclusion (2} )® — (9° )* and taking colimits.

Remark 3.25. When M = I, we will simply write #5(I) and M (I) for 75(I; 1) and M3 (I; I).

Using the May filtration in each simplicial degree, we produce a filtration of simplicial

objects in &

M (I; M)

-

— a4 (

M (1, M) — ;"'

I; M)

[P
_

— M, (I;

-

-

I M) =—— (I

MO M) — M (I; M) —— M (I; M)

and when X, = S! the bottom row is the simplicial object whose geometric realization is

THH(Iy, My).

Remark 3.26. Note that the definition of 44, *(I; M) can be extended to any simplicial

pointed set Y, by defining

in each simplicial degree where Y ranges over all finite subsets of Y,,.

M (I; M) = colim M (I; M)
Ycy,

When we write 4,“(I) we will mean that X, is an un-based simplicial set and we have

done the same construction otherwise.
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Definition 3.27. If I is a decreasingly filtered commutative monoid in © and M is a cofi-
brant symmetric /-bimodule, X, is a simplicial pointed set, and G. is a connective general-
ized homology theory then the topological Hochschild-May spectral sequence is the spectral

sequence obtained by applying G. to the tower of cofiber sequences

(3.4)
|95 (1, M)| —— |95 (1; M)| [ |945"(1; M)
| (1; M)| —— |26 (1, M)| / |25 (1 M)
|25~ (1 M) —— |5~ (1 M)| ] | (1 M)
That is, it is the spectral sequence of the exact couple
D!.=®,.G ‘m/[J.X'(I; M)‘ ®,,G: 'MJX'(I; M)‘

\ /

E\. =@, G| M)| /|25, M)

Remark 3.28. We need to know that the map
|75 (1 M)| — |5, (1 M)

is a cofibration, and this relies on a theorem of the author and A. Salch, which states that
a map between two “good" simplicial objects in &, which is a (positive) flat cofibration at

each simplicial level, realizes to a (positive) flat cofibration [4]. This is the reason why
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we choose the category of symmetric spectra in simplicial sets with the positive flat model
structure where this theorem holds and all necessary axioms hold. Otherwise, all the
constructions are sufficiently general to work in any nice enough model category (see [3]
for the exact conditions needed on a model category in order to construct the THH-May

spectral sequence and identify the E,-page). Consequently, the sequence

o= |G (D] — [ (D] — |G (D)

b

is again a decreasingly filtered commutative monoid in &, which we will call |MX-(I)
and therefore, we can define E, |fM X (I)|. The input of the THH-May spectral sequence as
defined is G, (Eo |MX'(I)|).

The main theorem of [3] produces a more computable E,-page. The idea is that the
associated graded construction commutes with tensoring with a simplicial set.
Theorem 3.29 (Fundamental Theorem of the May filtration [3]). Let X, be a simplicial
pointed set, let I be a decreasingly filtered commutative monoid in &, and let M be a

cofibrant symmetric /-bimodule, then there is a weak equivalence

Eo |M*(I; M)| = X. ® (Eol; EoM),

which is a weak equivalence in Comm © when M = I and X, is an un-based simplicial set.

Proof. See [3] for a detailed proof. m|
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We therefore produce a spectral sequence

EZ, = G,,(X. ® (EoL; EoM)) = G (X, ® (I; M) (3.5)
with differential
d: Eg,t - Eg—l,t+r

for any connective generalized homology theory G.. The spectral sequence strongly con-
verges as long as I; and M; are Hausdorff and the differentials satisfy a Leibniz rule in the
case I = M and X, is an un-based simplicial set [3].

Another construction of the THH-May spectral sequence

E!, =G..(X.® (El, E;M)) = G. (X. ® (I, M)) (3.6)

is possible using the Day convolution symmetric monoidal product. This construction is
conceptually cleaner, but it does not simplify the process of proving that the resulting
spectral sequence has the correct input term, output term and convergence properties.
The category G is a closed symmetric monoidal model category equipped with Day
convolution and the projective model structure as proven in [22] and [35]. Now fix a
based simplicial set X,, let I be a cofibrant commutative monoid object in G, and let M

be a cofibrant symmetric /-bimodule. We can form the Loday construction

—®(,M): sSet, — Mod; c & .
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For example, if X, is the usual minimal simplicial model S! = (A[1]/6A[1]). for the

circle, then S !&(1, M) is the cyclic bar construction using the Day convolution as the tensor

product:
S&U,M)=| M—= M @pay | =—— M ®pyy I ®pay [ — ...

Since I is a functor N°® — & and M is an /-module, we will write I(n) and M(n) for the
evaluation of these functors at a nonnegative integer n just for the sake of this remark. We

write S &I, M)(i) for the the simplicial object in &

S W&, M)(i) = | M(i)) —= (M @pay I)(i)) == (M ®pay I ®pay (i) — ...

Applying geometric realization to each S '&(, M)(i), we get a decreasingly filtered object
in G

Sle U, M)0) « Sla, M)« SleU, M) ...

which is a decreasingly filtered object in © by the main theorem of [4]. The spectral
sequence obtained by applying a generalized homology theory G. to the tower of cofiber
sequences associated to this decreasingly filtered object in & is precisely the THH-May
spectral sequence.

Remark 3.30. The author expects that the construction of the THH-May spectral sequence
may also work using the construction Ay, (R) that appears in [52], which is a version of the
Loday construction that does not require cofibrant input in order to be functorial and lends
itself well to approximations of higher order topological cyclic homology, also known as

covering homology [19].
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Example 3.31. We conclude with an example. Suppose [ is a trivially filtered commutative
monoid in ; i.e., I, = 0 for n > 0. Suppose M is a decreasingly filtered symmetric /-module
object in © with M, ~ 0 for n > 1. Then the sequence of simplicial commutative monoids
becomes

MO (1, M) —= M (I, M) === M° (I, M) — . ..

MO (I, M) == M (I, M) == M (I, M) —....

where the realization of MOX' (I, M) is X,®(ly; M,), the realization of MIX (I; M) is X,®(Iy, M)
and the realization of the quotient SMOX'(I, M)/ M]X' (I, M) is M*(Iy, My/M,). The spectral

sequence collapses to produce a long exact sequence coming from the cofiber sequence
X ® (I, My) = X. ® (lo, Mp) — X ® (1o, Mo/M).

When X, = A[1]/6A[1] with the obvious basepoint, this specializes to a cofiber sequence,
THH(I,, My) — THH(Iy, My) — THH(Iy, My/M))

which recovers a result of Pirashvili-Waldhausen [49, Prop. 2.13].

3.4 Filtered Commutative Ring Spectra

Let R be a cofibrant connective commutative monoid in S. In order to apply the
THH-May spectral sequence, it is necessary to construct decreasingly filtered commuta-
tive monoids in spectra. The goal of this section is to produce a decreasingly filtered

commutative monoid in & as a specific multiplicative model for the Whitehead tower of a
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connective commutative monoid in &. This provides a large supply of decreasingly filtered
commutative monoids. Part of the proof uses a Postnikov tower of a commutative ring
spectrum constructed as a tower of square-zero extensions, so first we define square-zero

extensions in this context.

3.4.1 Postnikov towers as towers of square-zero extensions

Definition 3.32. By a square-zero extension in &, we mean a fiber sequence

where A is the pullback in Comm & of

=

4 A3,

the map ¢ is defined to be the inclusion of A into A < X/ and d represents a class [d] €
TAQY(A,ZI). (For a definition of TAQ}(A,XI), see [13] or [41].) Note that, a priori, A
must be a commutative monoid in © and I must be a A-bimodule. By A x £/ we mean
the trivial square-zero extension of A by XI/; that is, additively A < £ := A v X[ and its

multiplication is the map

UANAVANIVINAVIANTI— AVI
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determined, using the universal property of the coproduct, by the maps

s :ANA—>A—>AVI
W AN 5T AV
Wi IANA—>T—AVI

sq:INI—>0—>AVI

where u, is the multiplication on A, ¥" and ¢ are the right and left action maps of I as an
A-bimodule and sq is the usual map I A I — I < A Vv I, which in this case factors through
the zero object.

Definition 3.33. Let R be a connective commutative monoid in &. By a Postnikov tower of

square-zero extensions associated to R, we mean a tower

io——>T4R——> TR 7R 7R

T T ]

Y HmsR Y2Hm,R Y'Hn R HrmoR

of fiber sequences where m;(7<,R) = m(R) for k < n and n(7,R) = 0 for k > n, such that the
fiber sequences

ZnHﬂ'nR 4 TsnR — TSIl*lR

are square-zero extensions.

As defined it is not clear that such Postnikov towers of square-zero extensions actually
exist for a given commutative monoid in S, but it is a theorem that they do.
Theorem 3.34. Let R be a connective commutative monoid in &. Then there exists a

model for the Postnikov tower associated to R which is a Postnikov tower of square-zero
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extensions.

Proof. See Theorem 4.3 and the comments after in [36] and Theorem 8.1 in [13]. Also,

see Lurie’s Corollary 3.19 from [37] for the result in the setting of quasi-categories. ]

3.4.2 Constructing the Whitehead tower as a filtered commutative ring spectrum

Recall from Definition 3.14 that a cofibrant object in the category Comm G equipped
with the projective model structure is a decreasingly filtered commutative monoid in S. We
may define certain n-truncated decreasingly filtered commutative monoids in the following
way.

Definition 3.35. Let J, c N be the sub-poset of the natural numbers consisting of all i € N
such that i < n. We give this poset the structure of a symmetric monoidal category (J,, +, 0)
by letting

i+j = min{i + j,n}.

We may consider lax symmetric monoidal functors in G’ for each n again as a conse-
quence of [22, Ex. 3.2.2] these are equivalent to the commutative monoids in the functor
category under the Day convolution symmetric monoidal product. We may also consider
the model structure on Comm(G’") created by the forgetful functor to &/, where &’
has the projective model structure. Using the same considerations as the functor category
S, the model category structure created by the forgetful functor exists. In this model
structure, it is an easy exercise to show that the cofibrant objects are functors /<" in &
such that each /=" is cofibrant in & for i < n and each map f; : I — I} is a cofibration in

i

S for eachi < n.

www.manaraa.com



44

Theorem 3.36. Let R be a cofibrant connective commutative monoid in &, then there

exists a decreasingly filtered commutative monoid in &

R** :N? - 3,

where we write R*" for the functor evaluated on an object in N°, such that 7 (R*") = mi(R)

for k > n and m(R*") = 0 for k < n. In particular, there is a natural transformation

pij: R*'AR¥ — R

satisfying commutativity, associativity, and unitality.

Proof of Theorem 3.36. Let R be a cofibrant connective commutative monoid in € and let

TSQR TglR TS()R

| |

Y2Hr,(R) YHm (R) Hro(R)

be a Postnikov tower of square-zero extensions of R in the sense of Definition 3.33. To

prove the theorem we need to do the following:

1. Construct R=".
2. Construct natural transformations p; ; : R* A R*/ — R>"*/.

3. Show that the maps p; ; satisfy commutativity, associativity and unitality.

The procedure will be inductive. First, define R*° := R where R was assumed to be a

. . . . N . . N op
cofibrant.connective.commutative monoid in S and is therefore an object in Comm G’ .
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To construct R*!, we consider the map of commutative ring spectra R — HnyR. We can
assume this map is a fibration, since if it wasn’t we could factor the map in commutative
ring spectra into an acyclic cofibration and a fibration. We then define R*! to be the fiber
of this map. By design, we have constructed an object /5! in Comm &’t'. Commutativity,
associativity and unitality follow by the definition of a symmetric R-bimodule action of R
on R=!. This completes the base step in the induction.

/1" for an arbitrary n > 1. As before, we

Suppose we have an object I=""! € obComm &
define R* to be If"‘l forall i < n— 1. Define P, := COll]imTZ,'R A T5;R where D, is the full
subcategory of N° x N° with objects (i, j) such that 0 <i < j <n and i + j > n. Since I:"!

71" “there is a unique map P, — R>"".

is in Comm &
The fact that the fiber sequence Z*HmR — 7R — 7R is a square-zero extension

for each k implies that the natural maps
Y'HmR A Y Hn;R — X" 'Hrmy, R,

factor through 0 for each (i, j) € D,. We get an induced map on fibers by considering the
diagrams

Rzk R Tsk—lR

S*Hm.R TR TR
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for k < n. There are therefore commutative diagrams

R* A R*) ——Y'HmR AN %/ Hr ;R

|

R=! ="' Hr,R

for each (i, j) € D,, hence, the map

R AR — RZ!' — "'Hn,R

factors through zero for each (i, j) € D,.

We need the map R*"~! — X""'Hn,R to be a fibration, so we use the factorization

Rz ="' Hr,R

into a trivial cofibration followed by a fibration.

We can define R*" to be the pullback, in the category of R-modules in ¢, of the diagram

R 0

L

B Lsigg R,

We then also need to replace P, by P, where P, is the same colimit as P, except that
each instance of R*"~! is replaced by R, There is therefore a map P, — P, and there is

a map P, — X" 'Hn,_|R that factors through the zero map by the same considerations as
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above.

By the universal property of the pullback, there exists a unique map g

. ; 3 —>n-1 =,
By composing the maps R* AR% — P, and R A R — P, with the map g, we produce
the necessary maps p;; : R* A R®/ — R*™niinl where 0 < i < j < n. This also proves,
by construction, that they satisfy the compatibility axiom (that is, naturality of the lax

symmetric monoidal functor J,’ — &). The factor swap map produces all the maps

i . RZ[ /\RZ‘/ — RZmin{i+j,n}

where i > j and the commutativity and compatibility necessary for those maps as well.
The maps py,, and p,o are the R-module action maps that we produced by working in
the category of R-modules and again by construction these maps satisfy commutativity
and compatibility with the other maps. Unitality is also easily satisfied for each p,; with
i, j €10,...,n}, since all these maps are R-module maps.

We just need to check associativity. By assumption, we have associativity for all the
maps p;; where i, j < n, we therefore just need to show that the associativity diagrams

involving the maps p;; for i or j equal to n. Since the symmetric monoidal product on
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R-modules is associative, we know that, for i, j, k € {0, n}, the diagrams

R A RZJ A RZ¥ — = R A RZ/K

| |

R2i+j A Rzk R2i+j+k

commute. We also know, by construction, that the diagram

R* AR 3.7)

L

RZn—l

commutes for all i + j > n. The diagram

R* A R*" R R=" A R¥ (3.8)

| | |

RZi A RZn—l RZn—l RZn—l A Rzi

also commutes by construction.

We need to show that for i, j, k € {0, 1, ..., n} with either i, j, or k equal to n, then

R* A R*) A R** — = R /\LRZJ'”‘ (3.9
R2i+j A Rzk R2"

commutes. This follows by combining the commutativity of Diagram 3.7, Diagram 3.8,
and the diagrams of the form of Diagram 3.9 when i, j,k < n, and using the fact that
R*" — R>"! is a monomorphism, since it is the pullback of a monomorphism in & by

construction, and hence it is retractile; i.e. when we say monomorphisms are retractile we
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mean that if f o g is a monomorphism then f is also a monomorphism.
We have therefore produced an object in Comm &*. By induction, we can therefore
produce an object in Comm & and then cofibrantly replace it to produce a decreasingly

filtered commutative monoid in &, denoted R>*, as desired. O

Remark 3.37. Since we have functorial factorizations of maps and functorial cofibrant
replacement in our setting [29], the above theorem is entirely functorial, in other words,
a map of connective commutative ring spectra A — B induces a map of Whitehead towers
A** — B** compatible with the multiplication maps pfj and pfj. This induces a map of

associated graded commutative monoids in &
E()AZ. — E()BZ.
and a map of THH-May spectral sequences

E..(X. ® Ej(A*") == E.(X. ® A)

| |

E..(X.® Ey(B**)) = E.(X. ® B),

Example 3.38. Assume a prime p > 3 is fixed. Let j be a cofibrant replacement in Comm &,
for the commutative ring spectrum K(F,), where ¢ is a prime power that topologically
generates Z5. Then by Theorem 3.34, we produce a decreasingly filtered commutative

monoid in S. We will let j>* be the decreasingly filtered commutative monoid in & that
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we produce. The associated graded Ej;j>* is additively equivalent to

HryjV 23 Hry, 3j VI Hiy, 5jV ...

or more succinctly Hr.(j). Its homotopy groups n.(E;j**) = n.(j), but it is a generalized
Eilenberg-Maclane spectrum.

Corollary 3.39. By Theorem 3.36 and the construction of the THH-May spectral sequence,
we produce a bound on topological Hochschild homology of any connective commutative
ring spectrum R:

#m, THH(R) < #m,THH(Hn.R)

where #S for a set S indicates the cardinality of the set S.
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CHAPTER 4 THH OF THE CONNECTIVE IMAGE OF J
We will assume that p > 3 and ¢ is a prime power that topologically generates Z7,
which denotes the units in the p-adic integers. Recall that under these conditions, there
are equivalences

jp = K(Fq)p = TZOLK(I)S

where 1., indicates the connective cover functor. We will therefore simply write j in this
chapter for K(F,), and assume that it is cofibrant in Comm &, since we could cofibrantly

replace it in Comm & if it was not already cofibrant.

4.1 mod (p,v)-homotopy of THH of the connective image of J
Recall, from Chapter 2, the construction that takes a decreasingly filtered commutative

monoid 7 in & as input and produces a May-type spectral sequence

E?, = G, ,THH(Eol) = G, THH(I,)

for any connective generalized homology theory G, which we we call the G-THH-May
spectral sequence. Also, we produced a Whitehead-type decreasingly filtered commutative
monoid in &, denoted j>*, associated to a cofibrant commutative ring spectrum model for

p-complete connective image of J. We therefore have a spectral sequence

E?, = G, ,THH(E,**) = G,THH(}). “4.1)

The purpose of this section is to compute this spectral sequence in the case G = V(1).
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In the case where G = HF,, the input of the spectral sequence is calculable, and the out-
put is already known due the work of Angeltveit-Rognes [6]. This computation, therefore,
will allow us to see the differentials in the V(1)-THH-May spectral sequence that are also
detected in the HF,-THH-May spectral sequence. To begin, let us recall the computation
of Angeltveit-Rognes.

Theorem 4.1 (Angeltveit-Rognes [6]). There is an isomorphism

HF, (j) = P&, &,&,..) ® E(T2,T3,...) ® E(b) = (4//A(1)). ® E(b)

where all the elements in (4//A(1)). besides 7, ~f ,and &,, and b have the usual 4,-coaction

and the coaction on the remaining elements 7,, Ef , &, and b are

y(b)=1®b
Y& =10& -1y@b+& ®1
V&) =106L+508 +10b+501

lﬁ(‘?’z): 1®‘T’2+‘?1®gf+7_'0®52—7'17'0®b+7_'2®1.

There is also an isomorphism

HF, (THH())) = HF, (j) ® E(0&],0é,) ® P(0T) ® [(0h)

of 4,-comodules and HF, (j)-algebras. The 4,-coaction is given by using the formula

Y(ox) = (1®0) o Y(x)
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and the previously stated coactions.

Note that Angeltveit and Rognes use a tilde over a symbol, for example % to signify
that the element has a different coaction then the coaction on x or x. We now want to
compute the input of the spectral sequence. First, we note that as described in Example
3.38, S/p A Eyj** is an HF), algebra and hence V(1) A E;j** is also an HF, algebra. It is
known more generally that THH(R) is an R algebra, so V(1) ATHH(E,j>*) is a V(1) A Ey j>*-
algebra and in particular an HF,-module. We can therefore apply the following lemma,
which can be found in Ausoni-Rognes [10, Lem. 4.1], though certainly the lemma predates
their work and they refer to Whitehead as the originator. We provide our own proof.
Lemma 4.2. Let M be an HF,-module. Then M is equivalent to a wedge of suspensions of
HF,, and the Hurewicz map

n.(M) — HF, (M)

induces an isomorphism between =.(M) and the subalgebra of 4,-comodule primitives

contained in HF, (M).

Proof. We recall that in the language of Hopkins-Smith [33] the spectrum HF, is a field
spectrum, so any HF,-module is a wedge of suspensions of HF,. Observe that the Adams
spectral sequence

Ext}}'(F,; HE,,(M)) = m,_ (M)

collapses to the s = 0 line, and therefore the input of the spectral sequence is

Hom, (F,; HF, (M)).
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Since A4.-comodule maps from F, to HF, (M) are equivalent to 4,-comodule primitives in

HF, (M) and HF, (M) is a 4.-comodule algebra, the result follows. O

Therefore, computing the algebra of comodule primitives in HF, (V(1) A THH(E,j**))
will suffice for computing the input of the V(1)-THH-May spectral sequence.

Lemma 4.3. There is an isomorphism
m.(HE, A Eoj>*) = (A//E(0)). ® P(v1) ® E(a1).
Proof. As observed in Example 3.38
S/p A Eoj** ~ HF, v \2/1 SCr Y-l gR v 5P,
and 7.(S/p A Eoj**) = P(v|) ® E(a;). By using the equivalence HZ A S/p ~ HF, we get
HF, NEyj** ~HZAS/p A Eoj>*°
so additively
HF, A Eoj** ~ HZ A (HF, V \Z{ SCr2El R v SCrHER ).

We can write this as

(HZ N HE)) A HF, (H]Fp V; \/ 3 (2p-2)i-1 HF, v ¥ (2p-2)i HF,

i>1
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and use the collapse of the Kiinneth spectral sequence to produce the desired isomorphism.

O

Proposition 4.4. There is an isomorphism

HF, (THH(E,j**)) = (A//E(0)), ® P(v1) ® E(a)) ® E(cé),0v1) ® P(0T2) ® [(Tay)

where the 4.-coaction is the usual one, that is the coproduct in 4., on elements in (A//E(0))..

The coaction on «; and v, is given by the formulas

Yla) =10a

l//(Vl) =ToQa; +1®v;

and the coproduct on the rest of the classes, besides y (o) uses the formula

Ylox) = (1@ 0) o Y(x).

Proof. We already know that n.(HF, A Eyj**) = (4//E(0)). ® P(v;) ® E(a;). We can use the

Bokstedt spectral sequence,

E)' = HH.(HF, Eyj**)) = HF, (THH(Eyj**))

to compute HF, (THH(E,;**)). The input is

HH.((4//E(0)).®P(v)®E(ay)) = (4//E(0).P(v)®E(a)®E(cé|li 2 DRI(0]i 2 DOE(ov)&I (o)
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Using the well known facts that Tor®™(k;k) = I'(cx) and Tor’™(k,k) = E(oy) for |x| =
2i — 1 and |y| = 2j for any i, j € N, one can show using classical methods that there are
isomorphisms HH.(E(x)) = E(x) ® I'(cx) when |x| is odd, and HH.(P(y)) = P(y) ® E(oy)
when |y| is even (see [7], for example, for a detailed calculation). Using these calculations
and the fact that the functor HH.(-) has the property that, when A and B are graded

[F,-algebras, there is an isomorphism
HH.(A® B) = HH.(A) ® HH.(B),

we can compute the input of the Bokstedt spectral sequence. We observe that by the
definition of E,j>* there is a map of commutative ring spectra HZ — E,;>*, and therefore

a map of Bokstedt spectral sequences,

HH,(HF, HZ)) —— HF, (THH(HZ))

! |

HH.(HF, E,j**) == HF, (THH(E,j**))

where the input of the top spectral sequence is
HH.(HF, HZ) = (4//E(0)). ® E(&li> 1)@ (orli > 1).
Recall that due to Bokstedt [17] (see also Ausoni [7]), there are differentials

dp_1 (Y pri(0T))=0 &1 yi(0T:)
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for k > 0, i > 1. Since these classes map to classes of the same names in the Bokstedt
spectral sequence for E,;>*, the same differentials occur in the Bokstedt spectral sequence
for Eyj>°.

The only remaining possible differentials, for bidegree reasons, are possible differen-
tials on the classes y,(0@;). We claim that these differentials do not occur and we will

prove this by contradiction. Suppose

d(yp(oa;)) #0 (4.2)

for some r and some k > 0. Then we observe that in degree 2p*(p? — p), the dimen-
sion of (HF,).(THH(E,j**)) as an F, vector space is strictly less than the dimension of
(HF,).(THH(j)) in the same degree. Since the HF,-THH-May spectral sequence with input
(HF,).(THH(E,j**)) computes (HF,).(THH(j)), this leads to a contradiction. Therefore,
the presence of any differential of the form (4.2) contradicts the known computation of
(HF,).(THH(j)) due to Angeltveit-Rognes [6]. Thus, no differentials of the form (4.2)
occur.

There is no further room for differentials for bidegree reasons so the E.,-page for E,j>*
is

EY = (4//E(0)), ® P(v)) ® E(a;) ® E(0é)) ® Py(otli>1)® E(ov)) ®I'(cay)

We therefore just need to resolve hidden extensions. Due to Bokstedt [17], we know that

o commutes with the Dyer-Lashof operations

Qpi(fi) = Tit
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computed by Steinberger [20] so we have relations

(@)’ = Q" (0T) = o (Q"' (7)) = TFin

for all k > 0. These produce hidden multiplicative extensions

0T = (0T

and therefore, the multiplicative structure on the output is

HF, (THH(E)j*")) = (A//E(0)). ® P(v)) ® E(a1) ® E(c¢€1) ® P(c71) ® E(0vi) ® [(0an).

For the coaction, recall that the class v, arose as the Bockstein on «a; in S/p A Eyj>°, and

therefore the coaction on v, is

l,b(V]) :‘T'()®a’1 +1®V1.

The class dual to a; cannot be the Bockstein of a class because 5% = 0. Since the class dual
to a; is in degree 2p — 3 and the lowest class in 4 besides 8 is P' in degree 2p — 2, the class

a; must be a comodule primitive with coaction

Ylay) = 1®ay.
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The rest of the coactions are determined by the coproduct in 4, and the formula

Y(ox) = (1®0) o y(x)

O

We now use the HF,-THH-May spectral sequence in a case where the output is known
due to Angeltveit-Rognes [6] in order to detect differentials in the V(1)-THH-May spectral
sequence.

Proposition 4.5. The only differentials in the HF,-THH-May spectral sequence

(HF,)s (THH(Ej**)) = (HF,)(THH(}))

for j are as follows:

di(&)=e, di(cdH=0a

d\(T)=v; di(oT))=0V].
The surviving classes & “ay, o€y, 101, yy(cay), (0T, and (o7,)P'ov; map to classes b,
o-éf , ob, 01,, and o0&, in HF, THH(j) and all other surviving classes map to classes of the

same name.

Proof. The output of the spectral sequence is trivial in the range 0 < s < 2p* —2p — 1, due
to the computation of Angeltveit-Rognes [6], and each of the classes which are the source
or target of one of the claimed nonzero differentials lie in this range. There are no other
possible differentials besides d; differentials in this range, so this forces the specified d;

differentials. The resulting E, = E.-page is isomorphic to HF, THH(j) with the specified
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correspondence in the proposition. m]

Remark 4.6. The behavior of the differentials above leads us to conjecture that d; com-
mutes with the operation ¢ in the HF,-THH-May spectral sequence.

Proposition 4.7. There is an isomorphism

V(l)*(THH(onz.)) = E(CL’],/’.],E[,O'V])@P(/J],\’:H) ®F(0'a1)

where || = |4 = o] = 2p — 1, |ai| = 2p = 3, |us| = 2p, [V1| = 2p - 2, and |oay| = 2p - 2.

Proof. We can compute HF, (V(1) A THH(j)) where the input is HF, (V(1) A THH(E,j>*)),
using the HF, A V(1)-THH-May spectral sequence. The differentials are the same and the
classes 7, and 7; map to classes of the same name in the output. This is useful because
there is a map of spectral sequences from the V(1)-THH-May spectral sequence to the

HF, A V(1)-THH-May spectral sequence induced by the map of S-algebras

nAidyry

S A V(1) HF, A V(1)
where n : S — HF, is the unit map of HF, as a ring spectrum. Due to Lemma 4.2, the map

V(D.THH(Eoj**)) — (HE, A V(D).(THH(Eoj**))

includes V(1).(THH(E,j**)) into (HF, A V(1)).(THH(E, j**)) as the 4,-comodule primitives.

By Lemma 4.4, the elements

{@sv—Toa1, 0F — To&1, 0&1, 0V — Tooay, ¥y — T1}
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are comodule primitives where we write 7, to distinguish the class in HF, (THH(E,j**))

from the class 7, € HF, (V(1)). We rename these classes respectively
{an, Vi, 1, A1, 00, €}
In particular,
(HF, AV(1).(THH(E(j**)) = 4. ® E(e1) ® P(0v)) ® E(a1) ® E(0&) ® P(0T)) ® E(0v)) @ (0ay)

so the classes y (o), or possibly the difference of y,«(ca;) and a correcting term, are
also comodule primitives and by possible abuse of notation we still write y (o) for these

elements. Thus, the result follows from Lemma 4.4 and Lemma 4.2. O

We now consider the map of THH-May spectral sequences

V(l)*(THlH (Eoj**)) =—= V(D.(THH()))
!

(HE, A VID)(THH(E j**)) == (HF, A V()).(THH(}))

induced by the map

nA idV(l) S A V(l) —> H]Fp A V(l)

where 77 : § — HF, is the unit map of the ring spectrum HF,,.
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Proposition 4.8. The only d, differentials are

di()=oay,
dl (el)ile, and

dy(u)=o,
in the V(1)-THH-May spectral sequence. The E,-page of the V(1)-THH-May spectral se-
quence is therefore
Ey* = E(ay, Ayyp-1(oay), (@)’ o) ® P(u1)") ® T(ob)
Proof. The classes
{‘71’/11’ /11’ oaq, O-i}la 61}

in the V(1)-THH-May spectral sequence map to the classes

vi = Toay, 07 — Toé1, &1, 0, 0vy — Tooay, T — T1}

in the HF,AV(1)-THH-May spectral sequence under the map of spectral sequences f. There
are trivial differentials
di(To) =di(71) =0

and nontrivial differentials
di(&)=a; di|(cé)=0a,

d\(T)=vy di(oT))=0v,

in the HF, A V(1)-THH-May spectral sequence by Propositions 4.5 and 4.7. We will use the
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formula fd; = d, f to compute the differentials. Notice that the map f is injective on the
E>-page of the spectral sequences so it makes sense to use the formula d,(x) = f~'d,(f(x)).

We therefore produce differentials

di(y) = fdi(c&)) = [ oa)) = oay,
di(e) = f'di(F1 = 71) = 1 (n) = 71,
di(u) = fH(d (0T = To&) = [T — Toar) = 7

in the V(1)-THH-May spectral sequence as desired. There are no other possible d, differ-

entials for bidegree reasons. m]

Lemma 4.9. There is an isomorphism

VID(THH(j; 0)) = E(A}, 1) ® P(uz) @ I(0b)

Proof. Note that there are equivalences

V(1) A THH(j: £) ~ THH(j; HF,) ~ HF, A; THH(})

and that HF, A; THH(j) is a HF, A; j-module, i.e. it is a HF ,-module. We can therefore
apply Lemma 4.2 and Theorem 4.1 to compute V(1).THH(j;¢) = n,THH(j;HF,). The

result is the algebra of comodule primitives in

HF, (THH(j; HF,)) = 4, ® E(c&,0&,) ® P(0T,) @ [ (0b),

which can be seen by the collapse of the Kiinneth spectral sequence. The algebra of co-
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module primitives is isomorphic to E(1}, 1;) ® P(uy) ® I'(0b) where

o = 0Ty — To0éy — T10E) + 1oT10b, A} = &) — 10D,

A =0& — Elo'gf — 1,0b, and ob = ob.

O

We have another approach to computing THH..(J; j/(p,v1)) = V(1).(THH())), as a V(1).-
module, but not as graded rings, by filtering the coefficients j/(p, v;) using the short filtra-
tion

0— 22”_3HIF'1, — j/(p,v1)

with associated graded j-module HF, =< £*~*HF,, which multiplicatively has the structure
of the trivial square-zero extension of HF, by £*HF,. We use the THH-May spectral

sequence with filtered coefficients as follows
THH,(j; HF, x 2?7 HF,) —» THH(j; j/(p,v1)).
This spectral sequence reduces to the long exact sequence

. ———M2p3(THH(j; HF)) — m(THH(j; j/(p, v1)) > (4.3)

-

m(THH(j; HE ) —— M2 THH(j; HE)))

where two out of three terms are known. We claim that this exact sequence demon-

strates that the V(1)-THH-May spectral sequence cannot collapse at E,. The author owes
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Eva Honing for giving some evidence that there must be a longer differential in personal
communication, since the author originally had an argument that said that the differential
on A, = (u)""'o¥, was zero.

Proposition 4.10. There is a differential

dp 1 ()" oP)= 1y p-1 (T )

in the V(1)-THH-May spectral sequence and no remaining differentials.

Proof. There is only one remaining possible differential for bidegree reasons, which is
the stated differential d,_;((u1)""'o91)=a141y,-1(ce;). Suppose the V(1)-THH-May spectral
sequence computing n.(THH(j; j/(p,v1)) collapses at the E,-page. Then, the long exact

sequence (4.3) takes the form

T2 E(A], A2) ® P(pa) ® T(ob) — E(ay, L1yp-1(oay), ()P~ ovy) @ P((u)?) @ T(ob)

~ - \j
- - _
- - _
-

—
-

EQV, 1) ® P(uy) ® T(ob)

where the dotted arrow indicates a shift in degree by 1. In particular, in degree 2p? — 1 and

2p* — 2 we have the exact sequence
0 — F{(u)" ot} — Fpldy} — Fp{d} — Fplaidiyp (o)} — 0.

We can therefore determine if there should be a differential as stated by determining if the
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map

IFd‘p {/12} — IE;p {All }

is nontrivial. To determine this, we note that the boundary map is exactly the map
V().(THH(j;¢)) — V(1).(THH(j; EZP—Zg))

induced by the map ¢ — £?72¢ given by 1 — y,, where g is the ¢-th Adams operation. This

map induces multiplication by P! in cohomology

HF(52-2¢) = 32723/ [ E(1) —& 4//E(1) = HE}(0).

In the dual, we therefore know that the map
(P')" : HE, (0) = (4/E(1)). —=Z*7*(4//|E(1)), = HF, (Z*~*0)

sends classes of the form &y to y and the map sends all other classes to zero. The same

will therefore be true for the induced map

HF, (V(1) ATHH(j; () HF, (V(1) A THH(j; £72¢))

] ) id@mp*()(Pl)* _T
HFE, (V(1) ATHH())) Q®wur, () HF, (£) - HF, (V(1) ATHH(j)) ®ur,.(j) HIFP*(EZP‘Z{’),
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in particular €&’ maps to o&/. We therefore examine the square

V(I)ZPZ_I(THH(_], f)) V(1)2p2_2(THH(]’ 22p—3€))

] ]

(HF, A V(1)yp2 ((THH(j; 0)) — (HF, A V(1))2 o(THH(j; 27 70)),

which is isomorphic to

Fyl o) By}
) ]

FP{O'gz, Ela'éf, ‘T’]O’b, é_:l‘T'QO'b} —— ]Fp{off, ‘T'()O'b}.

As stated in the proof of Proposition 4.8, the vertical maps send A, and A to classes given

by the formulas
g(h) = 0& — & & —Ti0b
) = o& - To0b.
The bottom horizontal map sends the class in the image of o, to the class o'&; i.e.,
c& —&o& - ti0b— &
Since the inverse image of the Hurewicz map evaluated on this element is

W' (o€ = ' (& — Toob) = 4.

This proves that the top horizontal map is nontrivial and therefore, there must be a differ-
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Figure 1: The E,_;-page of the V(1)-THH-May spectral sequence at p = 3 for s < 36.
ential

dp (1) o)=Y po1 (0ay)

as stated. O

Remark 4.11. Due to Oka [47, Thm. 4.4], the obstruction to a ring structure on V(1) at

the prime 3 is a composite of maps including the composite map

Bay

Bi: TS —=31S/p S/p T!s,

however we can easily compute that the induced map X!'j — X; is null homotopic and
hence the obstruction vanishes after smashing with j. Thus, V(1) A j and hence V(1) A
THH(j) are ring spectra, so the ring spectrum structure on V(1).(T HH(})) is also correct at

the prime 3. This type of argument is also used by Ausoni in the case of V(1) A ku in [7].
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Theorem 4.12. Let p > 3 be a prime number and let V(1) be the cofiber of the map

v 2728/ p — S/p.

Then there is an isomorphism

V()(THH())) = P(uz) @ T'(0D) @ Fplay, A}, hay, 1,47, L a}

where the products between the classes

{0/1,/1'1,/12011,/12/1'1,/12/1/10/1}

are zero except for

aq - /121’1 = /lll . /120’1 = /7.2/7./10,’1.

Proof. This proof follows from Proposition 4.5 and Proposition 4.10. There are no further
possible differentials for bidegree reasons. This can be seen in Figure 1 since all the algebra
generators are in the range specified. The only possible hidden multiplicative extension is

easily ruled out by a filtration argument. m]

4.2 THH of connective im J with coefficients in Morava K-theory

Note that S/p, THH(j;¢) = n, THH(j; k(1)) where k(1) is the connective cover of the first
Morava K-theory spectrum. We can therefore compute 7.7 HH(j; k(1)) using the Bockstein
spectral sequence

V(). THH(j; O)[vi] = n.THH(j; k(1))
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whose input we computed in the previous section.

Proposition 4.13. There is an isomorphism,

m(THH(j; k(1)) = (P(v1) @ (D) ® Fyp{1, Yum, Yy} ~

’

n—1 =1 =
— g lm _ VR VR
where y,,, = Ay U, v, = A 1, T, A =0, Ay = A,

v AV if > 3 is odd

n-3¢,_ . .
Aol »=D'if n > 3 is even.

and the relations are given by vll(")yn,m = vll(")y;,,m = 0 where I(1) = 1, I(2) = p? and I(n) =

pt+1ln—-2).

Proof. The proof makes use of the map of spectral sequences,

n.(V() ATHH(j; 0)[vi] == 7.(S/p A THH(j; )

] I

m.(V(1) ANTHH(O)[vi] === n.(S/p A THH({))

induced by the map of ring spectra £ A; THH(j) — ¢ A THH(¢) given by the map of ring
spectra j — .
In the bottom spectral sequence, we know due to McClure-Staffeldt [45] that the dif-

ferentials satisfy the following formula.
d.(1)=d.1)=0forallr>0

n—1
dr@”) = V"4,
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where r(1) = p, r(2) = p? and r(n) = p" + r(n — 2) for n > 3. The classes A, for n > 3 are

defined to be
" P if n > 3 is odd

Lop? PV if p > 3 is even

We know, by using the Hurewicz map and the map of Bokstedt spectral sequences,
that the map of spectral sequences, call it f, sends u, = 0%, to u. If n is odd, we see
that if d,(u,) = 0 then there are no other possible differentials on u for bidegree reasons.
Therefore, d,(u,) = 0. But, this is a contradiction because it implies that f(d,(u,)) = f(0) =
0, when f(d,(i12)) = d,(f(w2)) = dp(u) = V', # 0. Thus, di(us) # 0 so di(u2)=vic€.
The map of spectral sequences implies that d,»((u»)") = v’l’zogz“z since there are no possible
earlier differentials on 0%, for bidegree reasons, and f(0&,) = A,. If 0&, died on an earlier
page, there would be a contradiction because f(d,2(u»)) = f(0) = 0 contradicts the known
differential d,>(f(u2)) = d,2() = A,. This implies that d;(c&;) = 0. The only other possible
differential on &, is d,,i (&) = v'*' but f(*') = v/ so we have that f(v\) = f(d,.i(cé2)) =
dp1(f(0&)) = d,i1(dy) = 0, which contradicts the fact that f(v;) = v;.

Letting /(1) = 1, I(2) = p? and I(n) = p" + I(n — 2) for n > 3, we produce differentials

n—1

iy ) = vll(”)/l; by the same argument, where A} = 0°¢7, A, = A, and for n > 3,

A"V if p > 3 is odd
=

n

Lop? @D if n > 3 is even.

There is also a possible d, differential on &”, but we claim that it is zero. We can prove
this by contradiction. Suppose d,(c&7) = v’ (Note that this is the only possible differential

of this length), then dp(v’l’z_” c&loé) = vfzo-&. But, that would mean that d,2(u,) = 0. This
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contradicts the known differential d,.(u) = v"l’z/lz. Thus, the assumption that d,,(off ) #0
must be false.

There are no further possible differentials so

m(THH(j; k(1)) = P(v1) @ (D) @ Fp{ L, yupms ¥y ~

wheren > 1, m > 0and m # p — 1(mod p) and

;P m
Ynm = /lmuz

Vom = Aty "

n‘*n+1r72

4.3 Towards mod p-homotopy of THH of the connective image of J

We would really like to understand S/p.THH(j) and eventually THH.(j) if we want
to compute K(j), without smashing with a Smith-Toda complex, using trace methods. We
conjecture the following description of S/p.THH(j)

Conjecture 4.14. There is an isomorphism of graded F,-vector spaces

S/p. THH()) = H.(P(1) @ T(0b) @ Fp{ L, yupm: ¥, ) ® E(1)/ ~, d) (4.4)

where H.(—, d) indicates homology of the DGA with respect to the family of differentials

d(ka,m) = Q1 Y2k-1,m>
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where a; has degree one and all other classes have degree zero, and ~ indicates the same
equivalence relation as in Proposition 4.13

The conjecture is really that the differentials stated are all the differentials. We know
that the isomorphism of 4.4 is true for some family of differentials since there is a long

exact sequence

S/ THH(j; ) — S | p  THH(j; 2% %)

S/pioi THH(j) — S | pioi THH(j; €) —= S | pros THH(j; £2720)

-

S/pi2THH(j) — S /prxTHH(j; {)

We can compare this approach to the Bockstein spectral sequence

V(). THH(p)In]= S/p.THH(j)

using the input computed in the previous section; i.e.

V(). THH(j)[vi] = P(w) @' (ch) ® P(vi) ® F,{1, a1, A}, Lay, 2,47, @ A Az},

Comparing these two approaches forces the differentials d(yy.,,) = @1yx-1,,» above. It also
forces differentials on u?' for all k > 0, for example d,(u) = vid;. Some other possible
differentials in both the long exact sequence and the Bockstein spectral sequence can be

eliminated by comparing with the THH-May spectral sequence

S/p.THH(Eoj**) = S/p.THH(j).
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The input of this spectral sequence is computable by similar methods to those in the pre-
vious section. The E,-page of this spectral sequence is actually the same as the E,-page
of the Bockstein spectral sequence, but the advantage is that the S/p-THH-May spectral
sequence has a slightly different grading convention than the Bockstein spectral sequence
so some differentials that seem to be possible with the Bockstein grading are not possible
using the THH-May grading. An example of this is the possible differential d4(cb) = a;v} in
the Bockstein spectral sequence and the long exact sequence, but this can be ruled out be-
cause in the S/p-THH-May spectral sequence |ob| = (p,2p*—2p) and |avi| = (p,2p*—2p—-1)
and therefore there is no possible differential. We can also eliminate possible differentials
in the Bockstein spectral sequence by comparing to the long exact sequence, for example
there are possible differentials d,(4,a1) = obvia; and d,(1}4,) = v1A|ob, but these can be
ruled out since there is no boundary map in the long exact sequencethat would make this

possible. The author plans to prove this conjecture in subsequent work.
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CHAPTER 5 DETECTING V,-PERIODICITY
The goal of this chapter is to prove a version of the red-shift conjecture in a specific case.
We say that a spectrum R detects the n-th Greek letter family, if the family of elements maps
nontrivially under the unit map

r.S — m.R.

Let V be a finite cell p-local S-module of type n + 1. We say that V,K(R) detects the v, -

(n+1)
1

if the classes v*_ o|"*" map non-trivially to V.K(R) under

periodic family generated by «
the unit map

V, = V.S 2 V.K(R).

Conjecture 5.1 (Greek letter family red-shift conjecture). If R detects the Greek letter

(n)
k

(n+1)

[ in v, for some

family ", then V,K(R) detects the v,,;-periodic family generated by «

type n + 1 spectrum V that detects a/(l"”).

The main example of interest is the spectrum K(F,),, which detects the alpha family
{ax}. The main theorem of this chapter will be that V(1).K(K(F,),) detects the v,-periodic
elements generated by 3, verifying the conjecture for R = K(F,), and n = 1. In particular,
we can show that the classes S, are detected under the unit map n.§ — 7. K(K(F,),).

Note that throughout this section we will assume p > 5 and ¢ is a prime power that

topologically generates Z7.
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5.1 Homotopy fixed point spectral sequences
Given a connective generalized homology theory E, we will refer to the spectral se-
quence

E?, = H*(S',E;THH(R)) = E{,,THHR)"'

as the “S!'-E homotopy fixed point spectral sequence associated to THH(R)" where H™*(S !; M)
indicates group cohomology with coefficients in M. We will call s the horizontal degree ¢
the vertical degree and ¢ + s the topological degree or total degree, since we will use the
Serre convention for grading the spectral sequence where the spectral sequence lies in the
second quadrant if THH(R) is connective. By definition, the “continuous" E-homology of
THH(RYS' is

ESTHH(RYS' =1lim n.(E A F(ESHY", THH(R))®)

where the limit is taken with respect to the inclusion maps
(ESHV — (ESH? — ... ES'.

Our choice of model for (ES")™ is §(C"), with the usual coordinate-wise action of S' on
C". If E is a finite cell complex, then since homotopy limits commute with homotopy
(co)fiber sequences ETHH(R)"S' = E,THH(R)"S', for example when E = V(1) := cof{v, :
2r-25/p — §/p} for p > 2. We first give a general characterization of the 4? differential
in the §'-E-homotopy fixed point spectral sequence. The following proof is adapted from
Lemma 3.1 in Bruner-Rognes [21] to include a connective generalized cohomology theory

E, though the argument.is.the same and Bruner-Rognes give a more general statement in
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the case E = HF,,.
Proposition 5.2. Suppose E.THH(R) is a graded F,-vector space. All the ¢* differentials

in the S!-E homotopy fixed point spectral sequence associated to THH(R) are of the form

d*(x) = tox.

where ¢ is a generator of H*(S';F,) in degree —2.

Proof. An element x € E,THH(R) is a non-equivariant map

S'"— EATHH(R);. (5.1)

that is, by adjunction a non-equivariant map

S* — F(S',E ATHH(R)).

By an adjunction in equivariant homotopy theory, this is equivalent to an S'-equivariant

map

S(C), AS® — F(S',E A THH(R)).
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We consider the diagram,

S(©).

| T

(S'x6D*), —=S(CYY——=F(S',E ATHH(R))

/7
-
-
-
-
-

(S! x D?), ——= S (C?).

The differential 4° is the obstruction to lifting the composite map
(S'x6D*, - S(C") — F(S',E A THH(R))

over the map S(C?) — F(S', E A THH(R)) where the attaching map is exactly the action of

S!. Using the equivariant adjunction again, this is the obstruction to lifting the map
D> — S(C"Y — F(S',E A THH(R))

over the map D? — §(C?). Using the splitting D> ~ S' v D?, we see that differential is the
map

S' > F(S',EATHH(R)

which by adjunction is equivalent to the map
S'AS"— EATHH(R),

which is exactly the element ox in E,.(THH(R). O
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Corollary 5.3. In the S '-HF, homotopy fixed point spectral sequence associated to THH(K(F,),)

there are differentials
(&N =108, d*&) =toé
dz(%z) =101, dz(b) =tob

and all other ¢ differentials are zero.

Proof. The Corollary follows by direct application of 5.2 to the computation of Angeltveit-

Rognes sumarized in Theorem 4.1. Note that the operator o is a derivation, so in particular

d*(ox) = to*x = 0 for all x. o
In the following section, we will write T;(R) for F(S(CV),, THH(R))S '. Note that there is

a truncated homotopy fixed point spectral sequence with k columns converging to E.(T(R))

and

lim E.Tu(R) = ESTHH(R)" ).

5.2 Detecting the classes g, 8], and v,

The following argument is inspired by the argument of Ausoni-Rognes [9, Prop. 4.8].

Recall from Chapter 2 that the class 8; maps non-trivially under the map § v s /p i V(1)
where iy and i; are the maps that include in the bottom cell.

Proposition 5.4. The classes v», iyi; 8, and i8] in V(1) map nontrivially to the classes 7u,,
tob, and 10’ in

V().THH(K(F,),)"’

where £ is the mod p Bockstein on 3.
Proof. First, v, is represented by 7, ® 1, B} is represented by &’ ® 1 and p, is represented

by Zf:i(f)gll ® &/ ® lyin.the cobar complex which is the E,-page of the Adams spectral
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sequence that converges to 7. V(1) [20]. We consider the map of Adams spectral sequences

Ext;"(F,, H.V(1)) — Ext;"(F,, H.V(1) ® To(K(F,),))

induced by the unit map

V(AT

V) AS —2 - v(1) A To(K(E,),)) -

We see that 7, ® 1, &/ ®1, Zf’:_ll 1‘—7(‘1’)5’1 ®§{ ® 1 are permanent cycles in the source, which map
to classes of the same name in the target. Since the elements in the source are infinite
cycles, this implies that the elements that they map to are infinite cycles as well. We then
have to check that these classes are not boundaries.

We can eliminate the possibility of a d; differential with 7, ® 1 as a co-boundary by
computing the differential in the cobar complex for H,V(1) ® H.T>(K(F,),) on each class of
the correct degree. Since the two column truncation of the homotopy fixed point spectral
sequence converging to H.T»(K(F,),) has a differential d*(7,) = fu,, by Corollary 5.3, the
class 7, does not survive and can therefore not hit classes of the same name in the 1-co-
chains.

The only other classes in the the right degree in H,V(1) ® H.T,(K(F,),) to be the source
of a d, hitting 7,®1 are {0&,, T,0b}. However, ob is primitive so d;(T,0b) = d,(T1)ob # T,®1.
Also, di(c&) =& ® & + T ® ob # T, ® 1. Therefore, 7, ® 1 survives to the E,-page. There

are no possible longer differentials hitting 7, ® 1 because the class lies on the one-line of

the Adams spectral sequence; hence, it is a permanent cycle.
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We eliminate the possibility that the class & ® 1 is a boundary of a d; by the same
method. Consider the truncated homotopy fixed point spectral sequence converging to
H.T>(K(F,),). In that spectral sequence there is a d* on & hitting tc€! by Corollary 5.3.
Therefore, the only classes that are in the right degree in H.V(1) A T>(K(F,),) to have £/ ® 1
as their co-boundary are

{Toor&l,ob.}

However, d(ob) = 0, since it is a comodule primitive, and

dl(foo'gf) = 1®‘7’00’Ef —‘T’o@O’E{J -1 ®‘T00'§“f * gf@ 1.

The class [£] ® 1] is in Adams filtration 1 so it can not be the target of a longer differential,
therefore it is a permanent cycle.
For Zf:_ll %(f )g—‘; &/ ~'®1, we first need to check that it is not a boundary of an element in

A.®9H,V(1) AT,(K(F,),). We check the differential in the cobar complex on all the elements

here in the right degree. These classes are

_ - % =p—1 - - =p—2—- — - —
1®ob, To@TotE!, & @ ToT1, & ToT1 ® ToT1,

gf_l‘?o‘@?_'l, gf_lf'l ® 7o, gf_lf'ﬂ_'o@ L, &el

where & has a coproduct coming from H.K(F,) and & has the coproduct coming from the

coaction on 4,. Recall that Milnor computed the coaction of 4, on

H*(CP™,F,) = H'(BS";F,),
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where the right side is the equivalent to the group cohomology H*(S';F,) [46]. The coac-

tion on the class r is

Y(t) = Sisodl @ 17

Therefore, in the input of the truncated homotopy fixed point spectral sequence computing
V(1).T>(K(F,),), the 4, coaction on ¢ is primitive.
We compute the differential in the cobar complex on each of the elements that could

possibly have the class representing 3, as a target:

di(1®ob) 11 ®0b

dl(f'()@f'olgf) %o@%o@tgf + 7o ®é_:f®t‘7'0+‘T'0®‘7'05f®[+‘7'0®‘7'0®7_'0tb

=p—1 - = =p—1 - = =p—1 J— =p—1 - =
dl(ff ® T()Tl) 1 ®-§f ® ToT — A(é“f )® ToT1 + f{ ® lﬂ(T()Tl)
—2 (p—1\=p—i—1 = - = =p—1 — —
= -y (Pil)gf Mol et +E T ®T 0T

+&7' T @1+ 0T 87T

P-2= = - = =P-2= = 2= = = = =-2= = - -
A& ToT1 ®ToT1) = 1®& ToTi — A& ToT) ®ToTi + &) ToT1 ® Y(ToT1)

S, S 2% Ep—ic2— - - =
1 Q@& T)T1 ®@ToT1 — 1hy & ® &) ToT1 ® ToTy
Dz o Ei2= o = = DGz = o 2 o = =
- Zf:o é:llT() ®ff ' T ®ToT1 — Zf:o é‘:llT()T] ®§f ' ® ToT1
D Eis o Epi2= o = = 2 Zin o EP-i2F = o = =
—Zfzo &7 ®ff T ® ToT) —Zfzo é:iTo@ff TRE T ® ToT
+& 71T © 1 @ ToT) + & "7 ® Ty ® T
+& T ®ToT ® 1 + & T ® T ® T
=zp—1—- — =p—1— — =zp—1— — =p—1— —
A& 10T = 1®& T0®T I — A& To)®TI +& To @ Y(T))
=p—1— — -1 -1\ % =p—i—1 = —
= 108 et -3 ()i ed et
p=1(p-N\zi = zp—i—1 - #r—1= -
=3 (R e e +E R el et

+& T @1 @1
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diE ' ®T) = 10& 'H et -AE T T +E 7T ® 1 e YT
= 108 ' 01 - 30 (") el et
-3 (e e E T TE @1
-3 (T)En e E T e T

+E ' @10+ T el

dl(gf_lfﬁl ®1)

1082701 -AE T 1 +&8 11,0101
= 1e& 'fnel-30 ) (M Eed Mnn el
- Zp_ol (pzl)gi‘fo ® é:"f_l_ié_fﬁo ®1
- Zf:ol (p;l)éifl ® gf_l_i‘?ﬁo ®1
Zp_ol (p;l)é‘:i 7o ® é‘_.i)—l—i_?l o1
—3r (ER T e E el
+& ' rnelel
(& el = 0.

Suppose that some combination of these elements could hit the class
p—1 1 P\.i p—i
P I A Y- S B
p\i
Then we need to solve the equation

Zp_ll(p)fll ® ff_i ®1l = a1d1(1 ® O'b) + (lzdl(?_'() ® fotgf) + a3d1(§“f_1 ® ToT1)

i=1 p\i
Tp2- = = - ap-l_ =
+ayd (877 T0T ® ToT1) + asdi (8] To ® T1)

+a6d1@f—1‘71 ® 7o) + a7d1(§f_17"1f1 ®1)

for some a; € Fy;, but there are no solutions to this equation.

Since Zfz_lli(’t.’)f’i ®& ' ®1 is on the two-line, we still have to check that there is no d,
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differential hitting it in the Adams spectral sequence,
EXtZ**(]F SH.(V(1) AN Ty(K(F,),) = V(). T2(K(EFy),).

Since a d, would have to have its source on the 0-line in degree 2p* —2p — 1, it would have
to be a class in H, 25,1 V(1) A To(K(F,),).
We computed

Hape oy V(1) A To(K(F,),) = F,{Toté}),

since d*(b) = tob in the two column homotopy fixed point spectral sequence that computes

H.T»(K(F,),). The Leibniz rule implies
. g y P\
dy(TotE)) = dy(T)E) — Tody(E)) # X1 ;(? )fi ®ET® I,

so we can rule out this differential. Therefore, the class

p-l . .
> (’j)fi ®f @l

=

S

is a permanent cycle.

We conclude that v,, 8] and 8, map from V(1).S to

In V(1) T,(K(F,),), the only possible classes in the right degree to be v,, 8| and g, are tu,,
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tob and to&!. The unit map factors through V(1).THH(K(F,) ) ', so these classes pull back
to classes in V(1).THH(K(F,),)" '. This proves that these classes are permanent cycles in

the S'-V(1) homotopy fixed point spectral sequence associated to THH(K(F,),). O

Now, the classes 8;v4™! have the property that in the Adams-Novikov spectral sequence

for V(1) they are represented by the classes

1 . i
Zf.’zl‘—(p,)t’l @V,
P\l

which are on the two-line. We can therefore give a similar argument to the previous
one, except that we work in the Adams-Novikov spectral sequence, using the fact that
the classes representing Bv4™! are in low Adams-Novikov filtration. To do this we must

compute BP A V(1) T(K(F,),).

5.3 Computing (BP A V(1)).THH(K(F,),)

In this section, we compute
(BP AV(1)).THH(K(F,),

using the BP A V(1)-THH-May spectral sequence. To accomplish this, we first need to

compute the input of the BP A V(1)-THH-May spectral sequence; i.e.,

(BP A V(1)).THH(EoK(F,)2").
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Lemma 5.5. There is an isomorphism of (BP A V(1).E(K(F,);*-algebras
(BP A V(l))*THH(EOK(Fq)i') = P(t,t,...)® E(e, 41, 0v1,a1) ® P(vi, 1) ® I'(orary)
and the Hurewicz map
(BP A V(1),THH(EoK(F,)2") — (HF, A BP A V(1)).THH(E(K(F,)>")
sends , to ®(n) where ®(n) is defined inductively with ®(1) = & — £, and

(D(I’l) = é_:n - é‘n - Z éi ' (D(])pl

i,j>0

Proof. Recall that V(1) A THH(EoK(F,);*) is a V(1) A EoK(F,),*-algebra, and hence an HF,

algebra, since V(1) A EoK(F,),* is itself an HF ,-algebra. Thus, there is an equivalence
BP A V(1) A THH(EK(F,)*) = BP A HF, Ays, V(1) A THH(EoK(F,)3")
and by the collapse of the Kiinneth spectral sequence, an isomorphism
(BP A V(1).THH(EoK(E,);®) = P(t),1,...) ® E(€1, A1, 0v1, 1) ® P(vi, 1) ® [(oay)  (5.2)

as desired. Since BP A V(1) A THH(EOK(Pq)f,') is an HF,-module we can use Lemma 4.2,

which states that (BP A V(1)).THH(E(K(F,);*) includes as the comodule primitives inside
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of

(HE, A BP A V(1)).THH(EoK(F,);").

We recall that by the Kiinneth isomorphism and Proposition 4.4 there is an isomorphism

of graded rings

(HF, A BP A V(1)).THH(EK(F,)>*) =

H.(BP) ® E(T9,71) ® (A//E(0)). ® P(v)) ® E(ay) ® E(4)) ® P(uy) ® E(ovy) ® [(oay)

where we write (4//E(0)), = P(é1,&,...) ® E(71,%2,...) and H,(BP) = P(¢,,&,...) to dis-
tinguish the two sets of generators. The coaction on &;, 7;, #; and ¢; are the same as the
coproduct in the dual Steenrod algebra, and hence for example &, — £, is a comodule prim-
itive, since

Y& -&) =105 +5E®1-105-§01=10& -18¢&.

This is the base step in the induction. Suppose that @(;) is a comodule primitive for j < n,

then
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W& = & = Dt joni 0 GO = WE) = U(&) = S ji jro WED - YD)
= Pun&®8 - Y. E08
— Sivjeni o WE) - (1@ O()P)
= 104 - 184,
+ Dm0 & ® & — &)
~ Sirjeni 0 & ® @ — &)
— St e 20 Dskeiton & ® E ()Y
St o0 Sesirmio oo & ® & ORY
~1® B joi o0 GO

= 1® gn—l -1 ®$n -1® Zi’+j’=n;i’,j’>0 Ei'q)(j,)pi

where the last equality can be seen by rearranging the indices in the sums

- > D EsEagy

i+ j=ni, j>0 C+k=i:(,k>0

and

&0 E o)

i'+j=n;i’,j >0 ' +k'=j;t' k' >0

sothat j=k,i=0+i,k=0,(=1,j+k=j,andn=k"+{ +i. Therefore,
‘;T:n - én + Zitj=nii, j>0$iq)(j)p i

is a comodule primitive for each integer n > 2.
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The coaction on the remaining elements is

Ulay) =10 a Ylovy) =1®ov, +To®oa
Yloa) = 1@oa; Y(A) =14,

Ylyploar) =1@y(oar) Ylu) =1@u +Ti®4;.

l//(Vl): 1®V1 +To Q

We therefore know that the elements

(A, 0v1 = Tooay, @,y (oan), vi — Toar, i — Todi, & — En + Bix jony j50& @)Y [ n > 1)

as well as products and sums of these classes are comodule primitives. By comparing the
dimension as an F,-vector space in each degree to the isomorphism 5.2, we know this must
be all the comodule primitives. Note that we are using the fact that a product or sum of
comodule primitives is primitive since the coaction map M — 4. ® M is also a ring map

when M is a comodule algebra. m|

Proposition 5.6. As a (BP., BP.BP)-comodule

(BP A V(). THH(K(F,),) = P(t', 15, ...) ® E(b) ® E(0&",0&) ® P(u2) ® T(0b)

where the coaction is given by

Y =100+l Y) =10 u,
Y(t,) = At,) forn > 2 Yy (ob)) = 1 yx(ob)

Yb)=1®b Y(ox) = (1@ 0) * ¥(x)
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Proof. We need to compute differentials in the BP A V(1)-THH-May spectral sequence
E!, = (BP AV(1)..THH(EK(F,)2") = BP A V(1).THH(K(F,),)
so we examine the map of spectral sequences

(BP A V(1)).,.THH(EK(F,)2*) === BP A V(1).THH(K(F,),)
lh

(HF, A BP A V(1))..THH(EoK(F,)2*) == (HF, A BP A V(1)).THH(K(F,),).

induced by the Hurewicz map BP — HF,. Recall from Lemma 5.5 that
(BP A V(). THH(EoK(F,);®) = P(é1,&,...) ® E(€1, 41, 0v1, 1) ® P(vi, 1) @ T(oay).

We know that in the HF, A BP A V(1)-THH-May spectral sequence the classes & for i > 1

and 7, for j = 0, 1 survive to E*, since the output of the spectral sequence is known to be

(HF, A BP A V(1)).THH(K(E,),) =

P, 6, ...)® E(T),T1) ® H.(K(F,),) ® E(c&,0&) ® P(0T2) ® [(ob)

by Theorem 4.1 and the Kiinneth isomorphism. This forces differentials

d'¢)=a, d'(#)=0fori>0
dl(gl.):() dl(/ll):(?'al
dl(f'l):\’l d](.ul)ZO'Vl

d'()=0
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and there are no further nontrivial differentials. Since the Hurewicz map # is injective and
it sends 1, to & — &, the differential d'(,) in the top spectral sequence can be computed

using the formula

d'(t)=d"(W'E -&))=h"'d" & - &) =h"a) = a.

Similarly, e, maps to 7, — %, implying d'(¢,) = v;. Hence, in the BP A V(1)-THH-May spectral

sequence there are differentials

d'(t) =a, d'(4) = o

d'(e)=v, d'(w)=ov.

On E2-pages the map of spectral sequences induced by the Hurewicz map is again injective.
Since E? = E* in the target spectral sequence, the same is true in the source. This implies
that the BP A V(1)-THH-May spectral sequence collapses at the E>-page.

By examining the long exact sequence

BP.(V(1) A j) = BP.(V(1) A £) = BP(V(1) A Z?P72¢)

we can determine that the coaction on 7 and ¢ for i > 2 is the same as the coaction on
these elements in BP.(V(1)A{) = P(t,,1,,...). Note that there is no hidden comultiplication
on # since there are no classes in degrees 2p*—2p—(2p—2) or lower and the lowest degree
element in BP,.BP is in degree 2p — 2. The class b in lowest degree and therefore it is

primitive, so this gives the coaction on b, #,t; for i > 2 by using the splitting of BP,.BP-
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comodules

BP.(V(1) A ) ___ BP.(V(1) A THH())).

The coaction on yu, is primitive because |u;| = 2p? and there are no classes in degrees
2p? —2p +2 or 2p* — 4p + 4 or lower and the classes in BP,BP are in degrees congruent to
zero mod 2p" -2 for some n. Similarly, the coaction on A} is primitive because there are no
classes in degree 2p? — 2p + 1 — (2p — 2) or lower.

To determine the coaction on A,, we use the map of BP,BP-comodules

(BP A V(1)),.THH(K(F,),) = (BP A V(1)).THH((,).

We claim that in (BP A V(1)).THH({,), the coaction on 4, is

I,b(/lz) =1®AL+1 ®/1I1

Note that there is an isomorphism

BP.(V(1) A ¢) = BP.HF, P&, &, ...)

BP.BP ®3p, F,

IR

IR

P(tlatz,-")

IR

so & and 1, are two names for the same basis element up to multiplication by a unit. The

operation o gives

e — el P
A = cb=0th, A =0& =01
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and we can therefore compute the coaction on A, as

Y() = (1@ 0)A(12)

which produces the desired coaction modulo (p,v,). We then just check that there are no
other terms that could be added on to y(1,) in (BP A V(1)).THH(K(F,),) that would map
to zero, but there aren’t any because the only class in degree 2p* — 1 — (2p — 2) is A} and
there are no classes in degree 2p> — 1 — (4p — 4) or lower.

We know y(ob) = (1 ® 0)(1 ® b) = 1 ® ob. This just leaves the classes y«(cob) for k > 0.
Note that we already showed that in the input of BP A V(1)-THH-May spectral sequence
the classes y1(oa;) = yx(ob) are primitive. Therefore, it suffices to check that there is
not a hidden coaction in the THH-May spectral sequence. If the coaction contains terms of
the form x ® m where |m| < |y «(ca,)|, then the May filtration of m must be greater or equal
to the May filtration of y,«(ob).

Suppose the May filtration of m is greater or equal to p**!, the May filtration of y«(cb).
Then, since the only classes with positive May filtration are y,i(cb), b, 1|, and A,, the class
m must be of the form

(pi(ob) B2,

for some possibly zero element z, where 0 > ¢ < p, €, &, €. Write mfilt(x) for the May

filtration of an element, then

mfilt(y,i(ob)) = p*' mfilt(1) = p—1

mfilt(b) = 1 mfilt(1,) = 1.
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so J, ¢, €1, &, and € must satisfy

M e +eal(p-1)+¢6 > pttl (5.3)

We split into cases. If k = 1, then j > k— 1, and if j = k — 1, then the inequality (5.3) only

holds if £ = p — 1. In that case, &, must be 1 and either ¢ or & must be 1. Thus,

|(ypi(ab) DINEAT| = 2p* = 2p)(p— D)+ 2p* =2p+ 1 +2p* —2p—1=2p° = 2p

But, 2p* —2p > 2p® — 2p? = |y,(ob)| contradicting the assumption that |m| < |y,(ob)|. In the

case k > 1, then the inequality (5.3) only holds if j > k, but if j > k, then

(y,pi(ab)| = 2" = 2" = |y u(oD)|

so again m does not satisfy |m| < |y«(ob)|. Thus, no such m such that |m| < |y«(cb)| and
mfilt(m) > mﬁlt(y’;(ab)) exists. This implies that there are no hidden coactions and y(ob)

remains a co-module primitive. O

Corollary 5.7. In the S '-BP-homotopy fixed point spectral sequence associated to THH(K(F,),)

there are differentials

d* (&) =1,
d* (&) = td,
d*(b) = tob
and no further d” differentials.
Proof. This follows from Proposition 5.2 and the fact that A, = 0§, and A} = o&/. O
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Remark 5.8. We will also need to know the coaction of BP.BP on

BP*(V(I) A Tk+1(K(Pq)p))a

which is isomorphic to

PE" &, .. )QE() ® E(0&, &) ® P(,) ® T'(0h) ® P(1)/1*

modulo differentials. This just amounts to describing the coaction on the class 7. On the

homotopy fixed point spectral sequence

H*(S',BP,(V(1) A THH(K(F,),)))

BP.BP only has a natural coaction on the coefficients, so the class r € H*(S',F,) is a co-

module primitive.

5.4 Detecting the periodic families of height two in iterated K-theory
We first recall a theorem of Ausoni-Rognes that aids in producing the v,-periodic family

generated by g, in V(1),THH(K(F,),)"".

Theorem 5.9 (Ausoni-Rognes [9]). The classes v§ map to nonzero classes (fu)* under the

unit map

V(1).S — V(1),THH()S'

and hence pullback to nontrivial classes v4 in V(1).K(¢).

Remark 5.10. Since we showed v, maps to fu, under the unit map V(1).S — V(1),THH(j)" 1
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and the maps

V(1).S - V().THH(K(F,),)"S' - V(1),THH()"'

are ring maps, the classes v; also map to (fu,)* under the unit map

V(1).S — V(1).THH(K(F,),)"".

We therefore know that (fu)* are permanent cycles in the Adams, Adams-Novikov, and
homotopy fixed point spectral sequences computing V(1).T HH(K(Fq)p)hS'. This fact will
be used in the following proof.

Theorem 5.11. The elements v, in V(1).S map to a non-trivial element (fu,)'t0b in

V(1. THH(K(F,),)" " under the unit map.

Proof. We claim that v, € BP.(V(1)) also maps to tu, in

BP.(V(1) A F(S(C?),, THH(K(F,),))*)

in the cobar complex, which is the E;-page of the Adams-Novikov spectral sequence for
BP.(V(1) A F(S(C?),, THH(K(F,),))*). The class v, in the Adams-Novikov E,, page for V(1)
must map nontrivially to a class in the Adams-Novikov E., page in the target, since v, in the

associated graded represents a class in V(1)..S which maps nontrivially to V(1).T>(K(F,),)
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by Proposition 5.4. Since we have a commutative diagram of spectral sequences with input

Extgp.pp(BP., BP.(V(1))) —— Extgp gp(BP., BP.(V(1) A To(K(F,),)))

| |

Exta(F,, H. V(1)) Exta(F,, H.V(1) A To(K(F,),))

and the map of spectral sequences Extgp,gp(BP., BP. ® X) — Ext4 (F,, H.X) always raises
filtration, the class v, must map to a class in filtration 0 or 1. Since we know v, maps to
u - tu, where u € F;, modulo classes in higher filtration, we just need to check classes in
topological degree 2p? — 2 in filtration 1. The classes in topological degree 2p* — 2 and

filtration 1 are 1 ® A», t; ® A, and v; ® 4}, so

g(vz)zt,u2+a0-1®/12+a1-t1®/1’1+a2-v1®/l'1

for some ay, a,, a, € F,. However, we know that the composite map of spectral sequences

Extgp.gp(BP., BP.(V(1))) = Exta(F,, H.(V(1) A To(K(Fy)p)))

sends v, to T, ® 1 by Proposition 5.4. We also know that the map

Extgp,pp(BP., BP.(V(1) A To(K(Fy)p))) = Exta(Fp, H.V(1) A To(K(Fy),))

sends 1 ® 1», ; ® A}, and v; ® 4] to classes of the same name by Proposition 5.6. Thus, aq,

a;, and a, must be zero.
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This argument along with Remark 5.10 also implies that v4 maps to (u - 7u,)* in
BP.(V(1) A Tt (K(F,),))-

and, hence, the class (u - tu,)* is a comodule primitive for each «.
The element 3, is represented by the class

LU P\,
bl,OZZlell—?(l;)Z"]@tf ®1

in the E;-page of the Adams-Novikov spectral sequence for V(1) [51]. It maps to a class of

the same name in the cobar complex for the BP,BP-comodule
BP.(V(1) A To(K(Ey))p)),

i.e. the E, page of the Adams-Novikov spectral sequence for V(1) AT»(K(F,),) We know that
the class b, survives to E,, in the Adams-Novikov spectral sequence for V(1) A T,(K(F,),)
and becomes the class ro-b by Proposition 5.4.

The class by V4" represents V4™ in the Adams-Novikov spectral sequence for V(1).
It maps to by o(u - 71p)*" in the Adams-Novikov spectral sequence for V(1) A TW(K(F,),)
by the argument above. Since the class representing 8;v;™! is a permanent cycle in the
Adams-Novikov spectral sequence for V(1), the class b, o(u - tu,)*"! is an infinite cycle in the
Adams-Novikov spectral sequence for V(1) A T\ (K(F,),), but it could still be a co-boundary.

It is on the two-line of the Adams-Novikov spectral sequence, so we just need to check that

it is not the co-boundary of a d' or 4* differential.
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1. If the class by o(u - tu,)*! is the co-boundary of a d', then there is a sum of classes

D a;®m; € BP.BP ®gp, BP.(V(1) A T (K(F,),)).

1

such that

1{p\ . .
-1 p 1 —1 —
dy( Ej a;®m;) =32 I_?(i)tl @t ® (u- 1)

Recall that the coaction on m is of the form y/(m) = 1®@m + 3, ;a; ® m; where |m;| < |m|.
Observe that the only elements in (BP A V(1)).T«(K(F,),) whose coaction contains
(u - )*! as either m or m; for some j are classes of the form (u - u)*'y for some

y € (BP A V(1)).T«(K(F,),) and unit v € F. The coaction of such a class is

Y- )1y = (1 & (u- 1) y(y),

and y(y) must be of the form

YO = 1@y +281+ ) b®Y,

since Y((u - tu)*'y) must have 1 ® (u - tu)*! as a term. Since the only classes in
(BP A V(1)) Ti(K(F,),) that have a term z® 1 in their coaction are the classes ¢/, 1; for
i > 2 the class y must be a product of these. Since |(u-tu)*"'y| = (2p*> -2)(k—1)+|y| and
the degree must equal (2p? — 2)k — 2p, the degree of y must be 2p? — 2p — 2. However,
the class ¢/ is the element of lowest degree in the set {1/, ,,...} and [t!| = 2p* - 2p, so

no product of classes in this set can be in degree 2p? — 2p — 2. Thus, m; = (u - tu)*!
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for at least one i.

Now, if m; = (u - tu)*~! for only one i, then the element a; corresponding to m; must

have reduced co-product e - b,y + z for some unit e € F; and some class z; i.e.

A(ai)=A(a,~)—a,~®1—1®a,~=e-b1,o+z

The degree of a; must be 2p?> —2p, soa; = f - t{vf‘j where f € F).

However,

A(f -ty = fF-v"A®@)

f o7 mel+1eny -1 f -t - o1

and this does not equal
a1(p\;
eElel—(I,))t’l 1 +2
P\l

for any j, e, f € Fy, and any class z.

Suppose that m; = (u - tu)*~! for i € I where I contains more than one natural number.

Then

W) a) =g big+7

i€l
for some unit g € F; and some possibly trivial class . However, we checked in the

proof of Proposition 5.4 that no class of the form },.; a; ® 1 has coaction

a1 . i
g.zfﬂl;(lz)ti@t{’ ‘®1+7
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as described above and the same proof applies here.

Thus, there is no sum of classes }'; a; ® m; such that

dl(z a;®m;) =bio® (u-tuy)*!

and therefore the class by o(u - tu,)*~! survives to the E,-page.

. Now suppose there is a class in bidegree (2p*k—2k+2p*-2p+1,0) that is the source of
a d* differential hitting b, o(u - t11,)*~". This class is therefore in BP 2 _ax12p2-2p+1 V(1) A
Ti+1(K(F,),). Since this class is in an odd degree, we can classify all the classes that
could possibly be in this degree as a linear combination of elements in the three fam-
ilies {221, 222, t*bz3} where z; and z, are some nontrivial product of even dimensional
classes and z; is some nontrivial product of even dimensional classes that does not
include tob or (tu,)’ for any j > 1 as a factor since #**! = 0. We therefore compute the

differential d, on each of these classes.

Since A} is a co-module primitive, d,(1}) = 0, so we need to check what d,(1}). How-
ever, |d,(4))| = (2p? - 2p,2) using the convention (t — s, s). So d,(1}) is represented in
the cobar complex by an element of the form a® b® c where [a®b®c| = 2p* —2p +2,
but by checking the degrees of every class, we see that no products of classes are
in this degree and hence no such class exists. Hence, d,(1}) = 0 and consequenctly

dr(A121) = Ada(21).

The class 1, has coaction ¥(1,) = 1®1, +1,®4] so there is a differential d;(1,) = 1, ®A1].

Hence, d,(1,22) = (t; ® A})z2 + ,d (z3) # 0 s0 A,z3 does not survive to the E,-page.
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We therefore just need to check that a class of the form *bz; where z; does not contain

tu or tob as a factor. Note that the Leibniz rule implies
dy(*bz3) = dr(1*b)z3 + 1*bdy(23).
We now need to check if

a1
dr(a1 iz + art*bz3) = mezll—(p

> i)ti ® 1 @ (ty)*!

for some unit m € Fy, but
dz(al/l,lzl + aztka3) = Cll/llldz(zl) =+ az(dz(l‘kb)23 + l'kbdz(Z3))

and there are no values of d»(z;), d»(t*b), and d,(z3) that make this hold since z; cannot

contain 7u or tob as a factor and the classes A} and #*b are not factors of by o(u - tp)*.

O

To produce the following corollary to Theorem 5.11 we will need to use the property
that the trace map K(R) — THH(RYS' is a map of commutative ring spectra when R is
a commutative ring spectrum. The proof that the trace maps K(R) — TC(R) and K(R) —
THH(R) are maps of ring spectra when R is a commutative ring spectrum may be attributed
to Hesselholt-Geisser [30], Blumberg-Gepner-Tabuada [15], and Dundas [25]. We recall
the theorem of Dundas.

Theorem 5.12 (Dundas [25] ). Let R be a commutative ring spectrum. The cyclotomic
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trace map K(R) — TC(R) is a weak map of commutative ring spectra; i.e. there is a
zizag of commutative ring spectrum maps where all wrong way maps are equivalences of
commutative ring spectra.
We also need to know that the map 7, 7C(R) — n,THH(R)"S' is a map of rings.

Lemma 5.13. The map TC(R; p) —» THH(R)"S' is a map in Ho(Comm &); hence, the map
n.TC(R), — n,THH(R)"" is a map of rings.

Proof. First, recall that TF(R) = holimz THH(R)®»" and, since THH(R)‘»" are commutative
ring spectra when R is a commutative ring spectrum, we can take the homotopy limit in
the category of commutative ring spectra and 7 F(R) will be a commutative ring spectrum

as well. Define TC(R; p) as the equalizer

1d
TC(R; p) = eq{TF(R) TF(R)}
R

in the category of commutative ring spectra, since /d and R are commutative ring spectrum
maps. Thus, the map TC(R; p) —» TF(R) is a map of commutative ring spectra. Now, the
maps THH(R)”" — THH(R)"“»" are maps of commutative ring spectra since there is a

commuting diagram

F(S°, THH(R)) " F((ECp)., THH(R))

| |

F(S° A S°, THH(R) A THH(R)) F((ECp), A (ECy),, THH(R) A THH(R))"”

| |

F(S°, THH(R))" A F(S°, THH(R))*" — F((ECp),, THH(R))*"" A F((EC),, THH(R)) "

where the horizontal maps.are induced by the map (EC,.), — S° and the vertical maps
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are induced by the S !-equivariant commutative multiplication map THH(R) A THH(R) —
THH(R) and the diagonal maps §* — S° A §% and (EC,), — (EC,»)s A (EC )., which are

co-commutative maps such that the diagram

(ECp)s —= (ECpr). A (ECpp)s

l |

s0 SOASO

commutes. Since the maps THH(R)"“» — THH(R)"' is also a map of commutative ring

spectra such that the diagram

THH(R) """ — THH(R)"“»*

| |

THH(R)‘" — THH(R)"“» —~ THH(R)"S'

commutes in the category of commutative ring spectra, we can take homotopy limits in

the category of commutative ring spectra to produce a composite map
TC(R; p) —» TF(R) — holimp THH(R)'“” — THH(R)"'

in the category of commutative ring spectra. Since the derived functor of the forgetful
functor U : Comm @ — & is a Quillen right adjoint, it preserves homotopy limits, so the
homotopy limits that we compute are actually the same as the homotopy limits in the
category Ho © and hence, they are equivalent to the way that TF and 7TC are usually
defined. Thus, the map

TC(R; p) —» THH(R)™'
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is a map in Ho Comm &, which suffices to induce a ring map in homotopy groups. m]

Since TC(R), ~ TC(R; p), as commutative ring spectra, we therefore produce a com-
mutative ring spectrum map

K(R) —» THH(R)S',

which will be used in the proof below.

Corollary 5.14. Let p > 5 be a prime and ¢ be a prime power that topologically generates
Zy; . The classes pivs map from x,V(1) to nonzero elements in V(1).K(K(F,)) under the
unit map. Consequently, the classes S, for k > 0 map to K(K(F,)) under the unit map
1.8 — K(K(F,)).

Proof. The classes gv5 in V(1). map to V(1).K(K(F,)) under the unit map since the cyclo-

tomic trace is multiplicative and therefore the maps
V(1).S = V(I).THH(K(F,),)"*" — V(1).THH(K(F,),)

factor through V(1).K(K(F,)); i.e, there is a commutative diagram

V(.S 22 v, K(K(F,) — 2 y(1), K(K(E,),)

Y(D«(K(fp)otr)
V(D). V(D). (K(fp)otr V(1).tr

V().THH(K(F,),) <—V(1).THH(K(F,),)""

V(). F

where f, : K(F,) —» K(F,), denotes the p-completion map, F : X"' - X indicates inclusion
of homotopy fixed points, and we abuse notation and write ¢r for the trace maps from

algebraic K-theory to THH and its S '-homotopy fixed points.
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There is also a commuting diagram of ring spectra

1s AR

S =S AS——=S AK(K(E,)) V(1) A K(K(F,)p)p

. -~ ioi1 ANK(fp)
ini1Alg ioi1 Al k(k(Fg)) Lyayngp
1 K(fp)
_—

V(D) A S~ y(1) A K(K(E,)) — V(1) A K(K(F,),)

where f, : K(F,) - K(¥,),, and g, : K(K(F,),) —» K(K(F,),), are p-completion maps
and n is the unit map. Since the classes vgkﬁl € V(1), pullback to classes 3, in 7S along
the unit map and since they map nontrivially to classes in 7.V(1) A K(K(F,),), they must

map to nontrivial classes in 7. K(K(F,)) under the unit map

7.8 — 1 K(K(F,)).

O

Remark 5.15. We expect that more of the divided B-family in the homotopy groups of
spheres is detected in 7, K(K(F,)) and we are currently in the process of studying how much
more we can detect. To detect all of the divided p-family would require more knowledge

of n.K(K(F,)), which is beyond the scope of the present thesis.
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In this dissertation, we study the interactions between periodic phenomena in the ho-
motopy groups of spheres and algebraic K-theory of ring spectra. C. Ausoni and J. Rognes
initiated a program to study the arithmetic of ring spectra using algebraic K-theory and
gave a higher chromatic version of the Lichtenbaum-Quillen conjecture, called the red-
shift conjecture, that is expected to govern this arithmetic. This dissertation provides a
proof of a special case of a variation on the red-shift conjecture. Specifically, we show
that, under conditions on the order of the fields, iterated algebraic K-theory of finite fields
detects a periodic family of chromatic height two.

To prove that iterated algebraic K-theory of finite fields detects a periodic family of
chromatic height two, we compute approximations to iterated algebraic K-theory using
the theory of trace methods. We develop a tool for computing higher order topological
Hochschild homology (THH) using a filtration of a commutative ring spectrum. We then
compute THH of algebraic K-theory of finite fields after smashing with a finite complex.
We then detect height two periodic elements in the circle homotopy fixed points of THH
and show that periodic families of height two are detected in iterated algebraic K-theory
of finite fields.
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